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PREFACE 
T h i s  p a p e r  d e s c r i b e s  methods f o r  s o l v i n g  o p t i m i z a t i o n  problems 
u n d e r  unce r t a in ty - -when  f o r  n o n - d e t e r m i n i s t i c  ( s t o c h a s t i c )  i n p u t  
d a t a  d i s t r i b u t i o n  f u n c t i o n s  a r e  n o t  p r e c i s e l y  known o r  a r e  n o t  known 
a t  a l l .  The methods  have  been e l a b o r a t e d  f o r  l a r g e - s c a l e  
s t a t i c  and  dynamic problems.  They g e n e r a l i z e  c e r t a i n  known a p p r o a c h e s  
which d e a l  w i t h  dec i s ion -mak ing  unde r  u n c e r t a i n t y .  
S i n c e  u n d e r  u n c e r t a i n  c o n d i t i o n s  t h e  d e c i s i o n  maker p l a y s  t h e  
d e c i s i v e  r o l e ,  t h e  methods h e r e  d e s c r i b e d  a r e  n o t  s t r i c t l y  mathe-  
m a t i c a l .  R a t h e r ,  t h e y  p r o v i d e  a  g e n e r a l  scheme f o r  problem 
s o l u t i o n  and p o s s i b l e  ways t o  implement i n d i v i d u a l  s t a g e s  of  a  s o l u -  
t i o n .  
The p a p e r  g e n e r a l i z e s  t h e  r e s u l t s  o f  s t u d i e s  c a r r i e d  o u t  i n  
t h e  USSR ( m a i n l y  a t  t h e  S ibe r j - an  Power I n s t i t u t e  o f  t h e  S i b e r i a n  
Depar tment  o f  t h e  USSR Academy o f  S c i e n c e s )  i n  t h e  l a s t  d e c a d e  
and  a l s o  c o n t a i n s  new i n f o r m a t i o n .  Though t h e r e  a r e  some o t h e r  
a p p r o a c h e s  t o  t h e s e  p rob lems  and t h e y ,  a s  w e l l  a s  t h e  a p p r o a c h  
d e s c r i b e d  h e r e i n ,  migh t  c o n t i n u o u s l y  b e  improved,  t h i s  p a p e r  may 
n e v e r t h e l e s s  be  c o n s i d e r e d  a s  a  comple t ed  s t u d y ,  refidy f o r  p r a c t i c a l  
u s e .  I n  p a r t i c u l a r ,  t h i s  a p p r o a c h  i s  t r i e d  i n  t h e  s t u d y  o f  l o n g -  
t e r m  p r o s p e c t i v e  e n e r g y  deve lopment  t h a t  i s  c u r r e n t l y  b e i n g  made 
by t h e  IIASA Energy program f o r  some L y p i c a l  r e g i o n s  of  t h e  world,  




Many p r a c t i c a l  o p t i m i z a t i o n  p rob lems  a r e  s o l v e d  unde r  un- 
c e r t a i n  condi t ions- - ,when  p r a b a b i l i t y  d i s t r i b u t i o n s  a r e  n o t  known 
e x a c t l y  o r  a r e  c o m p l e t e l y  ~ i ~ k n o w i ?  f o r  a p o r t i o n  o f  t h e  i n p u t  d a t a .  
s u c h  u n c e r t a i n t y  i n  inpu- t  d a t a  l e a d s  t o  u n c e r t a i n t y  i n  d e c i s i o n -  
making and  makes it di f f icu1 . i :  t o  s o l v e  a  problem.  
S p e c i a l  methods £01- d e z l i n g  w i t h  such  s i t u a t i o n s  a r e  d e s c r i b e d  
i n  t h i s  p a p e r .  They f o c u s  on qui te  complex ( i n c l u d i n g  c o n t i n u o u s  
and dynamic)  l a r g e - s c a l e  problems and have  been d e v e l o p e d  u n d e r  
t h e  a s s u m p t i o n  t h a t  s u c h  probleins  have  one  main o b j e c t i v e  which c a n  
be q u a n t i f i e d .  
The methods  d e s c r i b e d  a r e  aimed a t  t h e  y r e a t e s t  p o s s i b l e  f o r -  
m a l i z a t i o n  o f  t h e  s o l u t i o n  p r o c e s s ,  a t  t h e  c o r r e c t  e v a l u a t i o n  o f  
consequences  a s s o c i a t e d  w i t h  t h i s  o r  t h a t  d e c i s i o n  and a t  t h e  
e l a b o r a t i o n  o f  r ecommenda t io i ?~  f o r  d e c i s i o n - m a k e r s .  The a p p l i -  
c a t i o n  of  t h e s e  methods  a l l o w s  one  t o  r e d u c e  n e g a t i v e  c o n s e q u e n c e s  
(damage, o v e r - e x p e n d i t u r e ,  r i s l c )  which a r e  c o n d i t i o n e d  by o u r  i n -  
e x a c t  knowledge o f  t h e  f u t u r e .  They a r e  n o t  a b l e ,  however ,  t o  
a v o i d  t h e s e  c o n s e q u e n c e s  o r  u n c e r t a i n t y  i n  dec i s ion -mak ing  c o m p l e t e l y  
I n  g e n e r a l ,  some r i s l c  d o e s  i n e v i t a b l y  e x i s t  and  m a t h e m a t i c a l  methods  
c a n n o t  p r o v i d e  t h e  s i n g l e  o p t i m a l  s o l u t i o n .  One c a n  o n l y  d e t e r m i n e  
a  se t  of  r a t i o n a i  v a r i a n t s  whicli a r e  good i n  - t h i s  o r  t h a t  s e n s e ,  
b u t  t h e  f i n a l  c h o i c e  fsom among thern i i l e v i t a b l y  h a s  t o  be  made by 
man ( d e c i s i o n - m a k e r )  h i m s e l f .  I 
A s  t o  t h e  g e n e r a l  a p p r o a c h ;  t h e  metl-~ods c o n s i d e r e d  a r e  b a s e d  on 
a l r e a d y  known methods  o f  decision-111aking unde r  u n c e r t a i n t y .  They 
assume t h e  c a l c u l a t i o n  o f  a  pay-of f  m a t r i x  and t h e  u s e  of  s p e c i a l  
c r i t e r i a  ( W a l d ' s ,  L a p l a c e s s p  S a v a g e Y s ,  Hurwitz",  . . .  ) .  G u t  t h e s e  
methods  e x t e n d  t h i s  a p p r o z e h  t o  complex o p t i m i z a t i o n  prohl.ems. 
The b a s i c  i d e a s  c o n c e r n  t h e  " d i s c r e t i z a t i o n "  o f  c o n t i n u o u s  
p rob lems  and t h e  p r o c e s s  f o r  d i s t i n g u i s h i n g  t h e  " f i r s t  s t e p "  
( p r i o r i t y  o r  u r g e n t  d e c i s i o n )  f o r  dynamic p rob lems .  T h i s  a l l o w s  
o n e  t o  d e a l  w i t h  complex f i p t i m i z a t i o n  probl.ems, 
S o l u t i o n  o f  a  probl-en i s  d iv i . ded  i n - t o  s e v e r a l .  o p e r a t i o n s  
( s t a g e s ) :  s t a t e m e n t  of  t h e  problem;  s e l e c t i o n  of a  r e p r e s e n t a t i v e  
set o f  n a t u r e  s t a t e s ;  s e a r c h  f o r  and  p r e l i m i n a r y  a n a l y s i s  o f  
f e a s i b l e  s o l u t i o n s ;  c a l c u l a t i o n  o f  t h e  pay-of f  m a t r i x ;  a n a l y s i s  
L 
of  t h e  pay-of f  m a t r i x  and c h o i c e  of  r a t i o n a l  v a r i a n t s ;  f i n a l  
c h o i c e  o f  t h e  v a r i a n t  t h a t  i s  t o  b e  t a k e n  f o r  r e a l i z a t i o n .  The 
methods  f o r  i m p l e m e n t a t i o n  o f  e a c h  o p e r a t i o n  have  been  proposed  
and  a r e  d e s c r i b e d  i n  t h e  p a p e r .  
I n  p a r t i c u l a r ,  f o u r  p o s s i b l e  s t a t e m e n t s  o f  dynamic p rob lems  
a r e  c o n s i d e r e d  h e r e .  Most o f  t h e s e  t a k e  i n t o  a c c o u n t  t h e  f a c t  
t h a t ,  a s  a  r u l e ,  w e  a r e  r e a l l y  i n t e r e s t e d  o n l y  i n  t h e  f i r s t  p a r t  
o f  t h e  whole  t i m e  p e r i o d  u n d e r  c o n s i d e r a t i o n .  J u s t  f o r  t h i s  p a r t  
( t h e  " f i r s t  s t e p " )  o u r  u r g e n t  d e c i s i o n  mus t  b e  made. O the r  p a r t s  
o f  t h e  p e r i o d  have  t o  be s t u d i e d  m a i n l y  t o  t a k e  i n t o  p r o p e r  a c c o u n t  
t h e  c o n s e q u e n c e s  o f  t h i s  o r  t h a t  a c t i o n  u n d e r t a k e n  i n  t h e  " f i r s t  
s t e p " .  The f o u r  s t a t e m e n t s  d i f f e r  f rom o n e  a n o t h e r  a c c o r d i n g  t o  
t h e  a s s u m p t i o n s  made a b o u t  a  s y s t e m ' s  deve lopment  ( o r  o p e r a t i o n )  
i n  t h e  " a f t e r a c t i o n "  p e r i o d .  
Fo r  t h e  s e l e c t i o n  o f  r e p r e s e n t a t i v e  n a t u r e  s t a t e s  and t h e  
s e a r c h  f o r  o u r  p o s s i b l e  a c t i o n s  i n t u i t i v e  ways a s  w e l l  a s  c e r t a i n  
f o r m a l  n e t h o d s  d e s c r i b e d  i n  t h e  p a p e r  c a n  b e  used .  Some o f  t h e  
l a t t e r  a r e  based  on  t h e  u n i f o r m  o r  r e g u l a r  ( i n  some s e n s e )  d i s k r i -  
b u t i o n  o f  a  g i v e n  number o f  p o i n t s  i n  an  n -d imens iona l  domain o f  
o p t i m i z i n g  p a r a m e t e r s  o r  n o n - d e t e r m i n i s t i c  i n p u t  d a t a .  The s e a r c h  
f o r  compe t ing  v a r i a n t s  ( a c t i o n s )  c a n  a l s o  b e  made by o p t i m i z a t i o n  
f o r  s e v e r a l  s p e c i f i c  n a t u r e  s t a t e s  s e l e c t e d  i n  a  p r e v i o u s  o p e r a t i o n .  
The o p t i m a l  v a r i a n t s  o b t a i n e d  i n  t h i s  way a r e  domina.nt  o n e s  and  c a n  
b e  c o n s i d e r e d  a s  c a n d i d a t e s  f o r  a  p roblem s o l u t i o n ,  
The pay-of f  m a t r i x  i s  o b t a i n e d  by e v a l u a t i n g  t h e  e f f e c t s  ( o r  
c o n s e q u e n c e s )  f o r  e a c h  compet ing  s o l u t i o n  v a r i a n t  u n d e r  a l l  s e l e c t e d  
s t a t e s  o f  n a t u r e .  These  a r e ,  a s  a  r u l e ,  economic v a l u e s  ( f o r  example 
e x p e n d i t u r e s )  b u t  m i g h t  be o f  o t h e r  k i n d s  a s  w e l l .  
The pay-of f  m a t r i x  r e p r e s e n t s  t h e  b a s i c  i n f o r m a t i o n  f o r  t h e  
f o l l o w i n g  a n a l y s i s  and  c h o i c e  of  r a t i o n a l  v a r i a n t s .  The p r o p e r  p ro -  
c e d u r e s  f o r  t h i s  o p e r a t i o n  a r e  d e s c r i b e d  i n  d e t a i l  i n  t h e  p a p e r .  They 
i n v o l ~ d e c i s i o n  c r i t e r i a ,  a v a i l a b l e  i n f o r m a t i o n  a b o u t  p r o b a b i l i t i e s  
o f  n a t u r e  s t a t e s  and  t h e  e x c l u s i o n  o f  non-dominant i s  s e q u e n t i a l l y  
v a r i a n t s .  Thus t h e  number o f  compet ing  v a r i a n t s  a r e  s e q u e n t i a l l y  
r e d u c e d  and  i f  a t  some s t a g e  o f  t h e  a n a l y s i s  a l l  c r i t e r i a  p o i n t  t o  
o n e  a n d  t h e  same o p t i m a l  v a r i a n t ,  t h e n  a  problem i s  s o l v e d .  
But i n  g e n e r a l  (when u n c e r t a i n t y  i n  i n p u t  d a t a  st111 l e a d s  
t o  u n c e r t a i n t y  i n  d e c i s i o n - m a k i n g )  s u c h  a n  a n a l y s i s  i d e n t i f i e s  
s e v e r a l  r a t i o n a l  v a r i a n t s  which a r e  o p t i m a l  a c c o r d i n g  t o  d i f f e r e n t  
c r i t e r i a .  I n  t h i s  c a s e  t h e y  have  t o b e  p a s s e d  t o  t h e  dec i s ion -maker  
t o g e t h e r  w i t h  t h e i r  main q u a n t i t a t i v e  c h a r a c t e r i s t i c s ,  and  t h e  
f i n a l  c h o i c e  among t h e s e  r e m a i n i n g  v a r i a n t s  must  b e  made by t h e  
d e c i s i o n - m a k e r  h i m s e l f  on t h e  b a s i s  o f  h i s  e x p e r i e n c e  and i n t u i t i o n .  
Here a d d i t i o n a l  o b j e c t i v e s  may b e  t a k e n  i n t o  a c c o u n t  which w e r e  
n o t  c o n s i d e r e d  d u r i n g  t h e  e a r l i e r  s o l u t i o n  o f  a  p roblem;  u s e  
may b e  made o f  e s t i m a t i o n  by e x p e r t s ,  e tc .  T h i s  o p e r a t i o n  i s  n o t  
c o n s i d e r e d  h e r e .  But  i n  s p i t e  of  a  " s u b j e c t i v e "  ( h e u r i s t i c )  
c h o i c e  a t  t h i s  f i n a l  s t a g e ,  t h e  p r e c e d i n g  a n a l y s i s  g u a r a n t e e s  
a  c h o i c e  o f  o n l y  r a t i o n a l  ( "good" )  v a r i a n t s  and i n s u r e s  a g a i n s t  
g r o s s  e r r o r s .  
An example o f  t h e  u s e  o f  t h e  methods d e s c r i b e d  i s  a l s o  
g i v e n  i n  t h e  p a p e r .  
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
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Lev S .  Be lyaev  
I .  INTRODUCTION 
U n c e r t a i n t y  o f  i n p u t  d a t a  a f f e c t s  v e r y  a d v e r s e l y  t h e  
c h o i c e  o f  o p t i m a l  v a r i a n t s  i n  many p r a c t i c a l  s y s t e m s  deve lopment  
p rob lems  and  h i n d e r s  t h e  d e s i g n  o f  s y s t e m s  e l e m e n t s  and  t h e i r  
o p e r a t i o n .  I f  some i n p u t  d a t a  are n o t  known e x a c t l y ,  t h e n  t h e r e  
w i l l  b e  d i f f e r e n t  o p t i m a l  v a r i a n t s  depend ing  on  t h e i r  v a l u e s  a s  
u s e d  i n  c a l c u l a t i o n s .  T h i s  l e a d s  t o  t h e  u n c e r t a i n t y  i n  d e c i s i o n -  
making. N e g l e c t i n g  u n c e r t a i n t i e s  i n  d a t a  which r e a l l y  e x i s t  and  
c o n s i d e r a t i o n  o f  j u s t  one  c o m b i n a t i o n  o f  i n p u t  d a t a  c a n  l e a d  t o  
wrong c h o i c e s  and  s e r i o u s  damage t o  r e a l - l i f e  s y s t e m s ,  o f t e n  i n  
t h e  economic a r e a .  
T h i s  p a p e r  d e s c r i b e s  p o s s i b l e  methods f o r  t a k i n g  i n t o  a c c o u n t  
u n c e r t a i n t y  o f  i n p u t  d a t a .  Such methods  a l l o w  a  r e d u c t i o n  o f  
n e g a t i v e  c o n s e q u e n c e s  c o n d i t i o n e d  by o u r  i n e x a c t  knowledge o f  t h e  
f u t u r e .  However, it i s  i m p o s s i b l e  t o  a v o i d  t h e s e  c o n s e q u e n c e s  
f u l l y .  Some r i s k  d o e s  i n e v i t a b l y  e x i s t  t o  t h e  e x t e n t  t h a t  t h e r e  
r e m a i n s  u n c e r t a i n t y  i n  i n t i a l  i n f o r m a t i o n .  
The methods  d i s c u s s e d  below w e r e  d e v e l o p e d  t o  s o l v e  c o n c r e t e  
o p t i m i z a t i o n  p rob lems  l i n k e d  t o  s u b s t a n t i a t i o n  of  c e r t a i n  d e c i s i o n s .  
To b e  more s p e c i f i c ,  t h e  methods a r e  d i r e c t e d  t o  t h e  s o l u t i o n  o f  
t h e  fallowing c l a s s  o f  p roblems:  
1. L a r g e - s c a l e  o n e s  w i t h  b i g  numbers of  p a r a m e t e r s  x  t o  b e  
o p t i m i z e d  and o f  u n c e r t a i n  i n p u t  d a t a  y ,  b o t h  o f  which  m i g h t  b e  o f  
c o n t i n u o u s  n a t u r e .  Such p rob lems  may b e  b o t h  l i n e a r  and n o n l i n e a r  
a s  w e l l  as dynamic o n e s .  
2 .  problems w i t h  u n c e r t a i n  i n p u t  d a t a  whose d i s t r i b u t i o n  f u n c t i o n s  
a r e  n o t  known a t  a l l  or a r e  n o t  known e x a c t l y  ( u n c e r t a i n t y  
w i t h  r e g a r d  t o  p a r a m e t e r s  o f  p r o b a b i l i s t i c  d i s t r i b u t i o n ) .  
3 .  Problems w i t h  one  main o b j e c t i v e .  O t h e r  minor  o b j e c t i v e s ,  i f  
t h e y  c a n n o t  b e  e x p r e s s e d  a s  c o n s t r a i n t s ,  may b e  t a k e n  i n t o  a c c o u n t  
i r l  t h e  l a s t  s t a g e  of  t h e  problem so lu t ion- -when t h e  f i n a l  d e c i s i o n  
i s  c h o s e n .  
s u c h  problems a r e  u s u a l  f o r  o p t i m i z a t i o n  of p r o s p e c t i v e  
s y s t e m s  deve lopmen t  when w e  have  r a t h e r  c o m p l i c a t e d  t a s k s ,  u n c e r t a i n  
i n p u t  da ta  and  m a i n l y  economica l  o b j e c t i v e s .  
Because of  t h e s e  f e a t u r e s  t h e  methods unde r  c o n s i d e r a t i o n  
d i f f e r  f rom methods  o f  game t h e o r y  where c o n f l i c t  s i t u a t i o n s  
o r  c o l l e c t i v e  d e c i s i o n s  a r e  i n v e s t i g a t e d , a s  w e l l  as  from methods  
o f  s t o c h a s t i c  programming which d e a l  w i t h  i n p u t  d a t a  having  a n  e x a c t  
o r  s e c p e r t i a l l y  improved p r o b a b i l i s t i c  d e s c r i p t i o n .  The methods 
c o n s i d e r e d  i n  t h e  p a p e r  a r e  aimed a t  t h e  h i g h e s t  p o s s i b l e  d e g r e e  
o f  f o r m a l i z a t i o n  f o r  t h e  s o l u t i o n  p r o c e s s ,  a t  a c h i e v i n g  t h e  
c o r r e c t  e v a l u a t i o n  of  consequences  t i e d  t o  t h i s  o r  t h a t  d e c i s i o n  
a n d  t o  t h e  e l a b o r a t i o n  of  recommendat ions f o r  t h e  dec i s ion -maker .  
The l a t t e r  must  be s p e c i a l l y  n o t e d ,  b e c a u s e  u n c e r t a i n t y  o f  i n p u t  
d a t a  l e a d s  i n  g e n e r a l  t o  u n c e r t a i n t y  i n  t h e  f i n a l  c h o i c e  o f  d e c i s i o n .  
T h e r e f o r e ,  w e  c a n n o t  e x p e c t  m a t h e m a t i c a l  methods t o  a c h i e v e  a  
s i n g l e  o p t i m a l  v a r i a n t  when t h e r e  a r e  u n c e r t a i n  c o n d i t i o n s .  One 
may o n l y  d e t z r m i n e  "good" ( r a t i o n a l ,  i n t e l l i g e n t ,  r e a s o n a b l e )  
v a r i a n t s  and t h e  f i n a l  c h o i c e  among them i n e v i t a b l y  h a s  t o  be 
made by t h e  dec i s ion -maker  h i m s e l f .  
The a p p r o a c h  used  i s  i n  g e n e r a l  based  on d e c i s i o n  t h e o r y  
b u t  it h a s  c e r t a i n  d i f f e r e n c e s  compared w i t h  o t h e r  methods of 
c h o i c e  u n d e r  u n c e r t a i n t y .  T h i s  w i l l  b e  d i s c u s s e d  i n  t h e  n e x t  
s e c t i o n .  
11. GENERAL REMARKS ON METHODOLOGY 
11.1. I n i t i a l  Assumpt ions  
S o l u t i o n s  of p rob lems  u n d e r  u n c e r t a i n t y  a lways  r e q u i r e  some 
a s s u m p t i o n s .  Those  t a k e n  f o r  c o n s i d e r i n g  methods are  f o l l o w i n g :  
- Formal s o l u t i o n  o f  problems unde r  u n c e r t a i n t y  c a n n o t  i n  
g e n e r a l  i d e n t i f y  s i n g l e  o p t i m a l  v a r i a n t s .  Only s e v e r a l  r a t i o n a l  
v a r i a n t s w h i c h  are good i n  t h i s  o r  t h a t  s e n s e  may be  d e t e r m i n e d .  
The f i n a l  c h o i c e  from among them h a s  t o  be made by t h e  d e c i s i o n -  
maker. 
- S p e c i a l  c r i t e r i a  proposed  f o r  u n c e r t a i n  c o n d i t i o n  ( c r i t e r i a  
of  Wald, L a p l a c e ,  Savage ,  Hurwicz, . - - 1  must b e  used  f o r  selec- 
t i o n  o f r a t i o n a l  v a r i a n t s .  But none of  them i n s p i r e s  f u l l  c o n f i d e n c e  
and  no s i n g l e  c r i t e r i o n  c a n  be used  f o r  t h e  f i n a l  c h o i c e  o f  
d e c i s i o n .  T h e r e f o r e  i n  g e n e r a l ,  t h e s e  c r i t e r i a  c a n n o t  e l i m i n a t e  
u n c e r t a i n t y  i n  dec i s ion -mak ing .  
- S u b j e c t i v e  p r o b a b i l i t i e s  f o r  v a r i o u s  s t a t e s  of n a t u r e  c a n n o t  
be de te rmined  p r e c i s e l y .  Giily s e v e r a l  p o s s i b l e  p r o b a b i l i s t i c  
d i s t r i b u t i o n s  c a n  be s u b j e c t i v e l y  o b t a i n e d ,  and u n c e r t a i n t y  o f  
t h e  s i t u a t i o n  i s n o t  e l i m i n a t e d  i n  t h i s  way. 
- Other  o b j e c t i v e s  which may e x i s t  a r e  t a k e n  i n t o  c o n s i d e r a t i o n  
o n l y  when a  problem was s o l v e d  a c c o r d i n q  t o  t h e  main o b j e c t i v e - -  
a f t e r  i d e n t i f y i n g  economica l ly  r a t i o n a l  v a r i a n t s  when t h e  f i n a l  c h o i c e  
from among them i s  made by t h e  dec i s ion -maker .  
- I f  a  problem i s  a  c o n t i n u o u s  one i n  r e s p e c t  t o  t h e  c o n t i n u o u s  
n a t u r e  of o p t i m i z i n g  p a r a m e t e r s  x and u n c e r t a i n  i n p u t  d a t a  y t h e n  
c e r t a i n  ways o f  d i s c r e t i z a t i o n  of  t h e  problem have t o  be used .  
- I f  a  problem i s  dynamic , t h e n  t h e  " f i r s t  s t e p n - - t h e  f i r s t  
t i m e  i n t e r v a l  o r  t h e  most u r g e n t  ( p r i o r i t y )  d e c i s i o n s - - i s  d i s t i n -  
g u i s h e d .  The r a t i o n a l  v a r i a n t s  a r e  i d e n t i f i e d  j u s t  f o r  t h i s  
" f i r s t  s t e p "  a l t h o u g h  a  c o n s i d e r a b l y  l o n g e r  p e r i o d  of t i m e  i s  
I 
i n v e s t i g a t e d  d u r i n g  t h e  problem s o l u t i o n .  
Under s u c h  a s s u m p t i o n s  t h e  proposed  approach  i s  a  v a r i e t y  of  
c o s t - b e n e f i t  a n a l y s i s  [ I ]  which u s e s  economic d a t a  and monetary  
u n i t s .  I t  i n c l u d e s  t h e  a p p l i c a t i o n s  of  s p e c i a l  c r i t e r i a  of 
d e c i s i o n  t h e o r y  [ 2 1  a s  w e l l  a s  t h e  a s s e s s m e n t  of  s u b j e c t i v e  
p r o b a b i l i t y  d i s t r i b u t i o n  [ 3 1 .  I t  i s  a l s o  i m p l i e d  t h a t  e x p e r t  
e s t i m a t e s  such  a s  f o r  example Delphi  t e c h n i q u e s  [ 4 ]  and i f  n e c e s s a r y  
m u l t i o b j e c t i v e  a n a l y s i s  (see f o r  example [51 ) h a v e  t o  be u s e d .  
However, t h i s  approach  d i f f e r s  from o t h e r s  [ 5 , 6 , 7 ]  i n  c e r t a i n  
r a t h e r  e s s e n t i a l  p o i n t s .  
The u t i l i t y  f u n c t i o n  c o n c e p t  i s  n o t  used  h e r e .  T h i s  i s  main ly  
due  t o  t h e  f a c t  t h a t  i n  a  p l anned  economy ( o f  t h e  USSR f o r  example)  
t h e  "wor th"  of money d o e s  n o t  depend on i t s  sum--any sum economized 
i n  some sector of  t h e  economy migh t  be  e f f e c t i v e l y  used  i n  o t h e r  
s e c t o r s  and i t s  e f f i c i e n c y  t o  be  assumed e q u a l  i n  a l l  s e c t o r s .  
Accord ing  t o  a s s u m p t i o n  ( 3 )  above ,  s u b j e c t i v e  a s s e s s m e n t  
o f  p r o b a b i l i t y  d i s t r i b u t i o n  c a n  d e t e r m i n e  n o t  s i n g l e  b u t  s e v e r a l  
s u b j e c t i v e  d i s t r i b u t i o n  f u n c t i o n s .  T h i s  c o r r e s p o n d s  b e t t e r  t o  t h e  
r e a l  s t a t e  o f  a f f a i r s .  I n  f a c t  one  c a n  i d e n t i f y  p o s s i b l e  p r o b a b i l i t y  
d i s t r i b u t i o n s  on  t h e  b a s i s  o f  knowledge and i n t u i t i o n  b u t  
n o t  i n  o n l y  one  way. T h e r e f o r e  t h e  r e q u i r e m e n t  t o  d e t e r m i n e  
s e v e r a l  s u b j e c t i v e  d i s t r i b u t i o n s  seems t o  b e  more r e a l i s t i c  and  
a p p r o p r i a t e .  
M u l t i o b j e c t i v e  a n a l y s i s  and e x p e r t  e s t i m a t e s  a r e  a p p l i e d  o n l y  
i n  t h e  f i n a l  s t a q e  o f  p roblem s o l u t i o n  a f t e r  i d e n t i f y i n g  d e c i s i o n  
v a r i a n t s  a s  r a t i o n a l  a c c o r d i n g  t o  t h e  ma jo r  o b j e c t i v e .  T h i s  is  
a p p r o p r i a t e  o f  c o u r s e  o n l y  f o r  p roblems where a  main o b j e c t i v e  
r e a l l y  e x i s t s ,  b u t  t h e r e  a r e  v e r y  many s u c h  p rob lems  e s p e c i a l l y  
c o n c e r n e d  w i t h  s y s t e m s  deve lopmen t .  The m a j o r i t y  o f  methods  
o f  m a t h e m a t i c a l  programming ( l i n e a r , n o n l i n e a r ,  dynamic ,  s t o c h a s t i c )  
o p e r a t e s  w i t h  j u s t  s u c h  mono-ob jec t ive  p rob lems .  
I n  s h o r t  t e r m s ,  w i t h  t h i s  a p p r o a c h  one t r i e s  t o  a n a l y z e  a  
s i t u a t i o n  i n  t h e  most  i m p a r t i a l  way and t o  t h e  g r e a t e s t  p o s s i b l e  
e x t e n t  a c c o r d i n g  t o  t h e  main o b j e c t i v e .  Dur ing  t h i s  a n a l y s i s  
one d o e s  n o t  a t t e m p t  t o  e l i m i n a t e  t h e  u n c e r t a i n t y  o f  a  s i t u a t i o n  
b u t  on  t h e  c o n t r a r y  i n t e n d s  t o  c a r r y  it h o n e s t l y  t o  t h e  d e c i s i o n -  
maker i n  t h e  form o f  s e v e r a l  " e c o n o m i c a l l y  e q u a l "  d e c i s i o n  v a r i a n t s .  
And t h i s  i s  t h e  g o a l  o f  t h e  methods  d e s c r i b e d  below.  Then a  
d e c i s i o n - m a k e r  may c h o o s e  t h e  f i n a l  v a r i a n t  t o  b e  implemented 
f rom among t h e s e  " e c o n o m i c a l l y  e q u a l "  o n e s  by h i s  e x p e r i e n c e  
and  i n t u i t i o n  o r  c a n  draw i n  e x p e r t  e s t i m a t e s  and  a d d i t i o n a l  
o b j e c t i v e s .  T h i s  l a s t  p a r t  o f  dec i s ion -maker  a c t i o n s  i s  n o t  
c o n s i d e r e d  i n  t h e  p a p e r .  The s p e c i a l  t e c h n i q u e s  men t ioned  above  
[4 ,51  c a n  be a p p l i e d  t h e r e .  
11.2 .  Ways o f  D e s c r i b i n g  Non-De te rmin i s t i c  I n p u t  Data 
The f o l l o w i n g  k i n d s  of i n p u t  d a t a  may be d i s t i n g u i s h e d  
depending  on  t h e i r  p r o p e r t i e s  and o u r  d e g r e e  of knowledge: 
a .  D e t e r m i n i s t i c  d a t a ,  whose v a l u e s  a r e  assumd t o  be known exactly. 
b .  S t o c h a s t i c - d e f i n i t e  d a t a ,  f o r  which s u f f i c i e n t l y  t r u s t -  
wor thy  p r o b a b i l i s t i c  c h a r a c t e r i s t i c s  may b e  p r o v i d e d  
on t h e  b a s i s  o f  s t a t i s t i c a l  e x e r c i s e s  u s i n g  p a s t  ob- 
s e r v a t i o n s .  
c .  P a r t l y  u n c e r t a i n  d a t a ,  whose d i s t r i b u t i o n  f u n c t i o n s  
canno t  b e  d e t e r m i n e d  w e l l  enough. S e v e r a l  p o s s i b l e  
d i s t r i b u t i o n  f u n c t i o n s  migh t  b e  d e t e r m i n e d  f o r  such  a  
case. .  T h i s  i s  t h e  c a s e  of  u n c e r t a i n t y  a b o u t  p r o b a b i l i -  
s t i c  d e s c r i p t i o n  of  s t o c h a s t i c  i n p u t  v a r i a b l e s .  
d .  U n c e r t a i n  d a t a ,  whose d i s t r i b u t i o n  f u n c t i o n s  a r e  n o t  
known a t  a l l  ( b e c a u s e  o f  t h e i r  n a t u r e  o r  t h e  a b s e n c e  of  
a  s u i t a b l e  a n a l o g u e  i n  t h e  p a s t ) .  Such d a t a  may b e  
g i v e n  o n l y  by means o f  i n t e r v a l s  a v a r i a n t s  o f  t h e i r  
p o s s i b l e  v a l u e s  ( w i t h o u t  i n d i c a t i n g  t h e  p r o b a b i l i t y  o f  
i n d i v i d u a l  v a l u e s  i n  t h e s e  i n t e r v a l s ) .  
The d e s c r i p t i o n  of  n o n - d e t e r m i n i s t i c  d a t a  ( f o r  c o n t i n u o u s  
o n e s )  i s  g r a p h i c a l l y  shown i n  F i g .  1. For  d i s c r e t e  d a t a ,  i n s t e a d  
o f  d i s t r i b u t i o n  f u n c t i o n s ,  d i s t r i b u t i o n  series ( o r  rows)  c a n  be  used. and 
i n t e r v a l s  o f  p o s s i b l e  v a l u e s  c a n  be r e p l a c e d  s imply  by a  set o f  
p o s s i b l e  v a l u e s .  
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F i g . 1 .  The forms o f  q u a n t i t a t i v e  d e s c r i p t i o n  of non- 
d e t e r m i n i s t i c  d a t a .  
I n  g e n e r a l  w e  have a l l  t h e s e  k i n d s  of  i n p u t  d a t a  w h i l e  a  
problem i s  be ing  s o l v e d .  But u n c e r t a i n t y  i n  decision-making i s  
c o n d i t i o n e d  by t h e  l a s t  two k i n d s  o n l y .  I f  we have o n l y  d e t e r -  
m i n i s t i c  and s t o c h a s t i c - d e f i n i t e  d a t a  t h e n  it i s  p o s s i b l e ,  i n  
p r i n c i p l e ,  t o  f i n d  a  s i n g l e  o p t i m a l  v a r i a n t  w i t h  t h e  a i d  o f  
s p e c i a l  s t o c h a s t i c  methods, u s i n g  mathemat ica l  e x p e c t a t i o n  of  
o b j e c t i v e  f u n c t i o n  a s  t h e  c r i t e r i o n  of  o p t i m a l i t y .  T h e r e f o r e ,  
t h e  methods c o n s i d e r e d  h e r e  a r e  in tended  f o r  g e n e r a l  c a s e s  and 
f o r  t h e  l a s t  two k i n d s  of  d a t a  i n  p a r t i c u l a r .  
11 .3 .  The P r i n c i p l e  o f  Making P r i o r i t y  Dec i s ions  
The f u r t h e r  i n  t h e  f u t u r e  t h e  g i v e n  t i m e  p e r i o d  i s  (from 
t h e  moment of  decis ion-making)  t h e  less c o r r e c t  i s  t h e  informa- 
t i o n  abou t  t h i s  p e r i o d .  T h e r e f o r e  e v e r y  d e c i s i o n  concern ing  
t h e  development o r  functioning of sys tems h a s  t o  be  made a s  l a t e  
a s  p o s s i b l e - - a s  a  r u l e ,  j u s t  b e f o r e  beg inn ing  of  i t s  implemen- 
t a t i o n .  Thus each  t i m e  t h e  " f r e s h e s t "  i n f o r m a t i o n  w i t h  t h e  
s m a l l e s t  d e g r e e  o f  u n c e r t a i n t y  should  be  u t i l i z e d .  
I n  p r a c t i c e  t h i s  means t h a t  f i n a l  d e c i s i o n s  shou ld  a s  a  
r u l e  r e l a t e  o n l y  t o  t h e  n e a r e s t  t i m e  i n t e r v a l ,  t o  p r i o r i t y  con- 
s t r u c t i o n  p r o j e c t s  e t c .  When p o s s i b l e ,  d e c i s i o n s  should  be  
d i v i d e d  i n t o  s t a g e s ,  f o r  example: s e p a r a t e l y  f o r  t h e  s t a r t  of  
a  p r o j e c t ' s  d e s i g n  s t a g e  and t h e  s t a r t  of  i t s  c o n s t r u c t i o n  
s t a g e ;  s e p a r a t e l y  f o r  t h e  d e s i g n  of new equipment ,  f o r  t h e  
p r o d u c t i o n  of  p r o t o t y p e s  and f o r  t h e  commercial p r o d u c t i o n  o f  
new equipment.  Thus, w h i l e  t h e  f i r s t  s t a g e s  a r e  be ing  r e a l i z e d ,  
technica l -economic  i n d i c a t o r s  f o r  p r o j e c t s  and ecuipment  a r e  
made more p r e c i s e ,  a n d d u r i n g  completion of  i n i t i a l  s t a g e s ,  o t h e r  
e x t e r n a l  c o n d i t i o n s  undergo r e f i n e m e n t .  
Some k i n d s  of  d e c i s i o n s  a r e  of  c o u r s e  concerned w i t h  more 
d i s t a n t  t i m e  p e r i o d s  and r e q u i r e  more advance p l a n n i n g .  I t  i s  
impor tan t  o n l y  t h a t  such d e c i s i o n s  be made no e a r l i e r  t h a n  
necessary--only  when t h e y  become s u f f i c i e n t l y  mature  and c a n n o t  
be de layed .  
T h i s  p r i n c i p l e ,  b e s i d e s  l a y i n g  a  g e n e r a l  framework f o r  
decis ion-making,  p l a y s  a n  impor tan t  r o l e  i n  t h e  mathemat ica l  
s t a t e m e n t  o f  dynamic problems.  
1 1 . 4 .  Comparab i l i ty  of D e c i s i o n s  
Because of i n f o r m a t i o n  u n c e r t a i n t y  one h a s  t o  c o n s i d e r  
d e c i s i o n  v a r i a n t s  f o r  s e v e r a l  p o s s i b l e  f u t u r e  c o n d i t i o n s .  T h i s  
i s  t y p i c a l  f o r  a l l  s t o c h a s t i c  problems.  To p r o p e r l y  compare t h e  
consequences  l i n k e d  t o  e v e r y  d e c i s i o n  v a r i a n t ,  one  shou ld  keep 
t h e  f o l l o w i n g  r u l e :  each  v a r i a n t  should  be c o n s i d e r e d  under a  
set  of  p o s s i b l e  f u t u r e  c o n d i t i o n s  which must be  t h e  same f o r  a l l  
v a r i a n t s .  I n  o t h e r  words,  t h e  consequences ,  economic and o t h e r -  
w i s e ,  f o r  each  of  o u r  d e c i s i o n  v a r i a n t s  ( o u r  a c t i o n s )  have t o  be  
a l l  de termined i n  l i g h t  o f  t h e  same set  of c o n d i t i o n s  ( n a t u r e  
s t a t e s ) .  
I n  f a c t  o n e  n e e d s  t o  c a l c u l a t e  a  t a b l e  (pay -o f f  m a t r i x ) w h e r e  
t h e  rows c o r r e s p o n d  t o  a v a i l a b l e  v a r i a n t s  and t h e  columns t o  
p o s s i b l e  n a t u r e  s t a t e s .  Such a  t a b l e  g i v e s  t h e  p o s s i b i l i t y  t o  
compare d e c i s i o n  v a r i a n t s .  The f i g u r e s  i n  a  s i n g l e  column a r e  
comparab le  s i n c e  t h e y  a r e  conce rned  w i t h  t h e  same c o m b i n a t i o n  o f  
i n p u t  v a l u e s .  
11.5. I m p a c t s  o f  Given C o n s t r a i n t s  
One o f  t h e  p r i n c i p a l  d i f f i c u l t i e s  i n  s o l v i n g  t h e  problems 
u n d e r  c o n s i d e r a t i o n  ( and  s t o c h a s t i c  problems a s  w e l l )  i s  d e t e r m i n i n g  
a p p r o p r i a t e  p r o c e d u r e s  f o r  s a t i s f y i n g  c o n s t r a i n t s  ( b a l a n c e  e s u a -  
t i o n s ,  r e s o u r c e  l i ~ ~ i t a t i o n s ,  e t c . )  o r  f o r  a s s e s s i n g  t h e  conse -  
q u e n c e s  o f  n o t  s a t i s f y i n g  c o n s t r a i n t s .  When compe t ing  d e c i s i o n  
v a r i a n t s  a r e  b e i n g  c o n s i d e r e d  (see 2 r e v i o u s  p o i n t  1 1 . 4 )  under  
d i f f e r e n t  n a t u r e  s t a t e s ,  it may happen t h a t  c e r t a i n  c o n s t r a i n t s  
a r e  n o t  s a t i s f i e d .  And d i f f e r e n t  c o n s t r a i n t s  may n o t  b e  s a t i s -  
f i e d  f o r  i n d i v i d u a l  v a r i a n t s  unde r  d i f f e r e n t  n a t u r e  s t a t e s .  
The r e f i n e m e n t  o f  p o s s i b l e  p r o c e d u r e s  f o r  t a k i n g  i n t o  
a c c o u n t  e x i s t i n g  c o n s t r a i n t s  r e q u i r e s  s p e c i a l  a t t e n t i o n .  These  
p r o c e d u r e s  have  t o  c o r r e s p o n d  t o  r e a l i t y  a s  much a s  p o s s i b l e .  
Somet ines  t h e y  may r e f l e c t  a d d i t i o n a l  u n d e r t a k i n g s  which c a n  b e  
r e a l i z e d  q u i c k l y  ( t h e  a c c e l e r a t i o n  o f  o p e r a t i o n  s t a r t s  f o r  sys t em 
e l e m e n t s ,  t h e  c o n s t r u c t i o n  o f  t empora ry  p r o j e c t s ,  i m p o r t a t i o n  o f  
s c a r c e  r e s o u r c e s ,  e t c . ) .  The o v e r e x p e n d i t u r e  d u e  t o  s u c h  unde r -  
t a k i n g s  must  b e  i n c l u d e d  i n  c a l c u l a t i o n s .  
But  i n  many c a s e s  it i s  i m p o s s i b l e  t o  s a t i s f y  a l l  c o n s t r a i n t s  
b e c a u s e  o f  t e c h n i c a l  o r  economic r e a s o n s .  Then t h e  damage due  t o  
t h e i r  n o t  h a v i n g  been  s a t i s f i e d  must  b e  a s s e s s e d .  A s  a  r u l e  t h i s  
i s  q u i t e  d i f f i c u l t .  One p o s s i b l e  a p p r o a c h  t h a t  may be  recommended 
i s  t o  c o n s i d e r  s u c h  darnage a s  u n c e r t a i n  i n p u t  d a t a  t o g e t h e r  w i t h  
o t h e r  a n a l o g o u s  d a t a .  
1 1 . 6 .  About S t a t e m e n t  o f  Problems 
A s  a  r u l e ,  t h e  s t a t e m e n t  o f  a  problem i n v o l v i n g  u n c e r t a l n  
i n p u t  d a t a  i s  n o t  a t  a l l  a n  e a s y  m a t t e r ,  e s p e c i a l l y  when t h e  prob-  
l e m  i s  a  dynami.c o n e .  W e  must e s t a b l i s h :  
- t h e  c o n c r e t e  meaning o f  a n  a c t i o n  u n d e r t a k e n  and  t h e  
c o m p o s i t i o n  o f  p a r a m e t e r s  (components  o f  v e c t o r  x )  which 
c h a r a c t e r i z e  t h e  a c t i o n ;  
- t h e  c o m p o s i t i o n  of  n o n - d e t e r m i n i s t i c  i n p u t  d a t a  which 
a r e  c a u s e s  o f  u n c e r t a i n t y  ( t h e  c o m p o s i t i o n  o f  components  
o f  v e c t o r  y  c h a r a c t e r i z i n g  n a t u r e  s t a t e s ) ;  
- t h e  p r o c e d u r e s  f o r  s a t i s f y i n g  c o n s t r a i n t s  f o r  a s s e s s i n g  
t h e  r e s u l t s  o f  t h e i r  n o t  b e i n g  s a t i s f i e d ;  
- t h e  c o n c r e t e  form o f  a n  e v a l u a t i o n  f u n c t i o n  E ( x ,  y )  , t h a t  
v ~ i l l  e s t i i n a t e  t h e  e f f e c t  ( s a y ,  e x p e n d i t u r e s )  o f  d i f f e r e n t  
a c t i o n s  x  u n d e r  d i f f e r e n t  n a t u r e  s t a t e s  y .  
Confus ion  i s  p o s s i b l e  r e g a r d i n g  p a r a m e t e r s  t i e d  w i t h  o u r  a c t i o n  x  
and  p a r a m e t e r s  r e l a t e d  t o  n a t u r e  s t a t e  y  a s  w e l l  a s  p a r a m e t e r s  which 
mus t  b e  i n c l u d e d  among components  of  v e c t o r  x  c h a r a c t e r i z i n g  o u r  
main a c t i o n  and  p a r a m e t e r s  t i e d  w i t h  a d d i t i o n a l  u n d e r t a k i n g s  aimed 
a t  s a t i s f y i n g  c o n s t r a i n t s .  
I t  i s  d i f f i c u l t  a l s o  t o  d e t e r m i n e  t h e  meaning o f  o u r  a c t i o n s  
when s o l v i n g  dynamic p rob lems .  
1 1 . 7 .  " D i s c r e t i z a t i o n "  o f  Con t inuous  Problems 
Most p r a c t i c a l  t a s k s  i n v o l v e  c o n t i n u o u s  v a r i a b l e s  d e s c r i b i n g  
b o t h  o p t i m i z i n g  p a r a m e t e r s  a s  w e l l  a s  i n p u t  d a t a .  Thus t h e r e  
r e a l l y  a r e  a n  i n f i n i t e  number o f  p o s s i b l e  a c t i o n s  and  n a t u r e  s t a t e s  
and  w e  a r e  n o t  a b l e  t o  c o n s i d e r  them a l l .  T h e r e f o r e  it i s  n e c e s s a r y  
i n  some way t o  select  a  l i m i t e d  number o f  a c t i o n s  and n a t u r e  s t a t e s  
t o  c o n s i d e r  w h i l e  t h e  problem i s  b e i n g  s o l v e d .  
I n  t h i s  r e s p e c t  it i s  i m p o r t a n t  n o t  t o  o v e r l o o k  p o t e n t i a l l y  
r a t i o n a l  d e c i s i o n  v a r i a n t s  t h a t  migh t  o c c u r ,  and  a l s o  t o  i n c l u d e  
i n  t h e  number o f  n a t u r e  s t a t e s  c o n s i d e r e d  n o t  o n l y  some 
mean ( o r  m i d d l e )  o n e s  b u t  a l s o  some e x t r e m e  c o n d i t i o n s  ( b o t h  
s u f f i c i e n t l y  f a v o r a b l e  and  u n f a v o r a b l e  b u t  r e a l l y  p o s s i b l e ) .  
I n  a  m a t h e m a t i c a l  s e n s e  w e  a r e  s p e a k i n g  h e r e  o f  s e l e c t i o n s  
o f  v e c t o r  x  v a l u e s  x  (i=1 , . . . , I )  and  v e c t o r  y  v a l u e s  y  (s=1 ,... , S ) ,  i s 
where I and  S  a r e  t h e  whole numbers o f  c o n s i d e r e d  v a l u e s  of  v e c t o r s  
x  and  y .  I n  t h i s  o p e r a t i o n  t h e  e x p e r i e n c e  and  i n t u i t i o n  o f  
s p e c i a l i s t s  p l a y  a b i g  r o l e ,  and  some f o r m a l  methods  c a n  b e  
u s e d  a s  w e l l .  
1 1 . 8 .  Mathemat ica l  T o o l s  
I n  g e n e r a l ,  t h e  methods d e s c r i b e d  below a r e  based on t h e  
assumpt ions  mentioned above,  and t h e y  a r e  i n  f a c t  a n  a t t e m p t  of 
a n  e x t r a p o l a t i o n  of  known methods o f  decis ion-making under un- 
c e r t a i n t y  (see f o r  i n s t a n c e  [ 2 ] )  i n t o  t h e  a r e a  o f  compl ica ted  
o p t i m i z a t i o n  problems.  These methods assume t h e  u s e  of a  "pay-off 
m a t r i x "  and t h e  a p p l i c a t i o n  of  s p e c i a l  c r i t e r i a  a p p r o p r i a t e  f o r  
u n c e r t a i n  c o n d i t i o n s  (Wald, Lap lace ,  Savage,  Hurwicz, e t  a l . ) .  
But t h e  i m p o r t a n t  q u e s t i o n s  h e r e  a r e  how t o  s t a t e  a  complex 
problem and how t o  c a l c u l a t e  i t s  pay-off m a t r i x .  While t h e s e  
q u e s t i o n s  a r e  be ing  s o l v e d  f o r  i n d i v i d u a l  t a s k s  t h e r e  might  be a  
need t o  u s e  v a r i o u s  mathemat ica l  methods ( o p t i m i z a t i o n  and , s imula-  
t i o n ,  l i n e a r  and n o n - l i n e a r ,  s t a t i c  and dynamic) depending on 
p e c u l i a r i t i e s  of  a  g i v e n  t a s k .  
111. GENERAL SCHEME FOR SOLVING OPTIMIZATION PROBLEMS UNDER 
UNCERTAINTY 
AS was a l r e a d y  s a i d ,  we assume t h a t  a  problem h a s  a  
main o b j e c t i v e  ( a s  a  r u l e  an  economic o n e )  which can  be  q u a n t i t a -  
t i v e l y  e v a l u a t e d .  Thus we can  w r i t e  a n  e v a l u a t i n g  f u n c t i o n  
( f o r  a  s t a t i c  problem) : 
where xsX i s  t h e  m-dimensional v e c t o r ,  c h a r a c t e r i z i n g  o u r  choos ing  
a c t i o n s ,  and ysY i s  t h e  n-dimensional  v e c t o r  whose components 
a r e  n o n - d e t e r m i n i s t i c  i n p u t  d a t a  ( d e t e r m i n i s t i c  d a t a  a r e  r e f l e c t e d  
i n  a n  e x p r e s s i o n  o f  f u n c t i o n  E ) .  X and Y a r e  domains where 
p o s s i b l e  v a l u e s  of v e c t o r s  x  and y  e x i s t .  
A s  a  r u l e  t h e r e  may a l s o  be c o n s t r a i n t s  i n  t h e  form o f  
e q u a l i t i e s  and i n e q u a l i t i e s .  
The func t io r :  E ( x ,  y )  i s  n o t  an  o b j e c t i v e  f u n c t i o n  i n  t h e  
u s u a l  s e n s e  ( a s  f o r  d e t e r n i n i s t i c  or p u r e  s t o c h a s t i c  p r o b l e m s ) .  
W e  a r e  n o t  a b l e  t o  speak  a b o u t ,  s a y ,  i t s  m i n i m i z a t i o n  ( i f  it 
r e p r e s e n t s  e x p e n d i t u r e s )  s i n c e  i t s  minimum w i l l  b e  o b t a i n e d  f o r  
d i f f e r e n t  n a t u r e  s t a t e s  y  w i t h  v a r i o u s  v a l u e s  o f  v e c t o r  x .  S i n c e  
p r o b a b i l i t i e s  o f  d i f f e r e n t  n a t u r e  s t a t e s  a r e  n o t  known, w e  c a n n o t  
u s e  t h e  m a t h e m a t i c a l  e x p e c t a t i o n  of f u n c t i o n  E ( x , y )  a s  t h e  cr i t e -  
r i o n  o f  o p t i m a l i t y .  Ue must o n l y  s t r i v e ,  t h e r e f o r e ,  t o  make i t s  
v a l u e s  a s  s m a l l  a s  p o s s i b l e .  
The scheme f o r  t h e  s o l u t i o n  o f  s u c h  problems supposes  t h e  
sequence  o f  o p e r a t i o n s  shown i n  F i g .  2 .  
F i g .  2.  The Sequence o f  O p e r a t i o n s  f o r  S o l v i n g  O p t i m i z a t i o n  
Problems under  U n c e r t a i n t y .  
1. STATEMENT OF THE PROBLEM 
2 .  SELECTION OF REPRESEIQTATIVE SET OF NATURE STATES 
3 .  SEARCH FOR AND PRELIIIINARY ANALYSIS OF VARIANTS 
FOR PROBLEM SOLUTION (OR ACTIONS) 
4 .  CALCULATION OF FAY-OFF MATRIX 
5. ANALYSIS OF PAY-OFF MATRIX AND CHOICE OF 
RATIONAL ACTIOlJS 
6. FINAL CHOICE OF ACTION IMPLEMENTED I 
Genera l  r emarks  a b o u t  t h e  s t a t e m e n t  of  problems have a l r e a d y  
been  n a d e  (see p o i n t  11 .6 .  ) . I t  w i l l  b e  c o n s i d e r e d  i n  t h e  n e x t  
s e c t i o n  i n  more d e t a i l  . 
The s e l e c t i o n  of r e p r e s e n t a t i v e  sets  o f  n a t u r e  s t a t e s  i s  i n  
f a c t  t h e  " d i s c r e t i z a t i o n "  of  t h e  problem w i t h  r e g a r d  t o  i n p u t  
d a t a .  I n  t h e  c o n t i n u o u s  set  Y it i s  n e c e s s a r y  somehow t o  choose  
a  f i n i t e  number ( S )  o f  p o i n t s  which c h a r a c t e r i z e  s u f f i c i e n t l y  
w e l l  t h e  set a s  a  whole.  A s  a  r u l e ,  t h e  number S s h o u l d  n o t  be  
l a r g e  s i n c e  a  l a r g e  number o f  c a l c u l a t i o n s  shou ld  be made f o r  e a c h  
n a t u r e  s t a t e  Y s ( s = l ,  ..., S ) .  The s i z e  of t h i s  number must be  
e s t a b l i s h e d  by t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  p e c u l i a r i t i e s  of  a  
g i v e n  problem and computer  a v a i l a b i l i t i e s .  P o s s i b l e  methods f o r  
making t h i s  s e l e c t i o n  w i l l  b e  d i s c u s s e d  i n  d e t a i l .  T h i s  o p e r a t i o n  
r e q u i r e s  g r e a t  a t t e n t i o n  a s  t h e  c o m p l e t e n e s s  and r e l i a b i l i t y  o f  
s u b s e q u e n t  a n a l y s i s  depends  on  how p r o p e r l y  t h i s  c h o i c e  was made. 
The n e x t  o p e r a t i o n  i s  t h e  s e a r c h  f o r  and p r e l i m i n a r y  a n a l y s i s  
o f  s o l u t i o n  v a r i a n t s  x i ( i = l ,  ..., I )  which i n  p r i n c i p l e  might  
be r a t i o n a l  o n e s  and which have t o  be c o n s i d e r e d  w h i l e  a  problem 
i s  be ing  s o l v e d .  Such v a r i a n t s  a r e  c a l l e d  "dominant"  ones  [2-1. 
I n  t h i s  o p e r a t i o n ,  on t h e  one hand,  t h e  d e t e r m i n a t i o n  of  o u r  
p o s s i b l e  a c t i o n s  i s  made. I f  t h e y  a r e  n o t  e v i d e n t  and i f  w e  d e a l  
w i t h  a  c o n t i n u o u s  set  of  o p t i m i z i n g  p a r a m e t e r s  X I  t h e n  t h i s  
o p e r a t i o n  i s  a  " d i s c r e t i z a t i o n "  o f  t h e  problem ( i n  r e g a r d  t o  
o p t i m i z i n g  p a r a m e t e r s )  l i k e  t h e  p r e v i o u s  o p e r a t i o n .  But h e r e  
t h e  methods of  s e l e c t i o n  of  " r e p r e s e n t a t i v e s "  a r e  somewhat d i f f e r e n t .  
On t h e  o t h e r  hand ,  i n  t h i s  o p e r a t i o n ,  t h e  q u e s t i o n  i s  examined 
whether  t h e r e  r e a l l y  i s  u n c e r t a i n t y  i n  decis ion-making i n  t h e  con- 
s i d e r e d  s i t u a t i o n  o r  n o t .  I f  f o r  a l l  n a t u r e  s t a t e s  y  ( s = l , , , . , S )  s 
chosen  i n  p r e v i o u s  o p e r a t i o n s  t h e r e  i s . o n e  and t h e  same o p t i m a l  
0 
v a r i a n t  x  , t h e n  it means t h a t  u n c e r t a i n t y  o f  i n p u t  d a t a  w i l l  
n o t  l e a d  t o  u n c e r t a i n t y  i n  c h o i c e  of  a c t i o n  and we may s u r e l y  
0 implement v a r i a n t  x  . But i f  t h i s  i s  n o t  t h e  c a s e ,  t h e n  a n a l y s i s  
w i l l  have t o  be made t o  s e l e c t  competing v a r i a n t s  ( a c t i o n s )  xi 
(i=1, ..., I )  which w i l l  be c o n s i d e r e d  i n  t h e  n e x t  o p e r a t i o n s .  
The c a l c u l a t i o n  of pay-oEf m a t r i x  may be one of t h e  most 
l a b o r i o u s  o p e r a t i o n s .  The economic ( o r  o t h e r )  e f f e c t  f o r  e v e r y  
c o n s i d e r e d  v a r i a n t  x i ( i = l ,  ..., I )  i s  e v a l u a t e d  h e r e  f o r  a l l  s e l e c t e d  
f u t u r e  c o n d i t i o n s  y  (s=1, ..., S ) .  I n  o t h e r  words,  IxS v a l u e s  of  
S 
f u n c t i o n  E ( x , y )  a r e  de t e rmined  h e r e  t o  o b t a i n  t h e  whole m a t r i x  
E v i d e n t l y ,  computers  have t o  be  used  f o r  such  c a l c u l a t i o n s  
i f  a  problem i s  complex enough. 
The f i f t h  o p e r a t i o n - - t h e  a n a l y s i s  of  a pay-off m a t r i x  and t h e  
c h o i c e  o f  r a t i o n a l  a c t i o n s - - g i v e s  u s  i n  f a c t  t h e  f i n a l  r e s u l t s  
o f  t h e  fo rma l  s o l u t i o n  o f  a  problem. I f  t h e r e  r e a l l y  i s  u n c e r t a i n t y  
i n  dec is ion-making  t h e n  t h e  formal  methods c a n  p o i n t  t o  s e v e r a l  
r a t i o n a l  a c t i o n s  which might  be c o n s i d e r e d  a s  recommendations f o r  
a  dec i s ion -maker .  The s p e c i a l  r u l e s  and c r i t e r i a  ment ioned above 
a r e  used  i n  t h i s  o p e r a t i o n .  
Sometimes, when d e c i s i o n  u n c e r t a i n t y  i s  n o t  g r e a t ,  t h e  re- 
commendations by d i f f e r e n t  c r i t e r i a  may c o i n c i d e .  I n  t h i s  c a s e  
t h e  i n d i c a t e d  s i n g l e  r a t i o n a l  v a r i a n t  can  be implemented w i t h  a  
g r e a t  d e g r e e  of  c o n f i d e n c e .  But i n  g e n e r a l ,  v a r i o u s  c r i t e r i a  
p o i n t  t o  d i f f e r e n t  r a t i o n a l  a c t i o n s  and u n c e r t a i n t y  i n  d e c i s i o n -  
making remains ,  s i n c e  none o f  t h e  c r i t e r i a  i n s p i r e s  comple te  
conf idence .  
I n  such c a s e s  it i s  d e s i r a b l e  t o  t a k e  i n t o  accoun t  t h e  p a r t i a l  
knowledge o f  p o s s i b l e  p r o b a b i l i t i e s  f o r  c o n s i d e r e d  n a t u r e  s t a t e s .  
Of ten  enough t h i s  nay e l i m i n a t e  t h e  d e c i s i o n  u n c e r t a i n t y .  
I f  a l l  t h e  a n a l y s i s  under taken  i n  t h i s  o p e r a t i o n  ( i t s  
p e c u l i a r i t i e s  w i l l  be d e s c r i b e d  i n  a  s p e c i a l  pa ragraph  o f  t h e  p a p e r )  
i s  n o t  a b l e  t o  i d e n t i f y  t h e  s i n g l e  o p t i m a l  v a r i a n t ,  t h e n  s e v e r a l  
r a t i o n a l  v a r i a n t s  a r e  passed  on t o  t h e  n e x t  o p e r a t i o n - - f o r  t h e  
f i n a l  c h o i c e  of  d e c i s i o n .  T h i s  l a s t  o p e r a t i o n  w i l l  n o t  be 
c o n s i d e r e d  i n  t h e  paper  i n  d e t a i l .  A s  was no ted  above, t h e  
f i n a l  c h o i c e  h a s  t o  be made by t h e  decis ion-maker  h imse l f  
on t h e  b a s e  of  h i s  e x p e r i e n c e  and i n t u i t i o n .  A d d i t i o n a l  non-- 
economic o b j e c t i v e s  (of  env i ronmenta l ,  s o c i o l o g i c a l ,  p o l i t i c a l  
c h a r a c t e r )  may be  t a k e n  i n t o  accoun t  h e r e .  Use may be a l s o  
made o f  e s t i m a t i o n  by e x p e r t s  ( f o r  example t h e  Delphi  method) .  
The way t h i s  o p e r a t i o n  i s  c a r r i e d  o u t  depends h e a v i l y  on p e c u l i a -  
r i t ies  o f  i n d i v i d u a l  d e c i s i o n s  t o  be made. I t  shou ld  be o n l y  no ted  
t h a t  i n  s p i t e  o f  a  s u b j e c t i v e  ( h e u r i s t i c )  c h o i c e  a t  t h i s  f i n a l  
s t a g e  t h e  p r e c e d i n g  a n a l y s i s  g u a r a n t e e s  a  c h o i c e  from o n l y  r a t i o n a l  
v a r i a n t s  and i n s u r e s  a g a i n s t  g r o s s  e r r o r s .  
Below t h e  methods f o r  t h e  f i v e  f i r s t  o p e r a t i o n s  w i l l  be 
d e s c r i b e d  i n  d e t a i l .  These methods have been p u b l i s h e d  i n  a  
series of  books and r e p o r t s  [8-12 and o t h e r s ]  . 
I V .  STATEMENT OF PROBLZPIS 
- 
I V . 1 .  Some P e c u l i a r i t i e s  o f  S t a t i c  P r o b l e n  S t a t e m e n t  
-- .-- 
S t a t i c  p rob lems  u s u a l l y  i n v o l v e  a  c h o i c e  o f  p a r a m e t e r s  f o r  
s y s t e m s  p r o j e c t s  o r  t h e i r  equipment .  Once c h o s e n ,  t h e  p a r a m e t e r s  
d o  n o t  change  d u r i n g  t h e  whole l i f e  o f  a p r o j e c t  o r  equipment  
( w h i l e  t h e  o p e r a t i o n a l  c o n d i t i o n s  migh t  change  i n  unknown w a y s ) .  
During s t a t e m e n t  of s t a t i c  problems it i s  n e c e s s a r y  t o  
e s t a b l i s h  p r e c i s e l y  t h e  c o m p o s i t i o n  o f  t h e  x and y  v e c t o r  com- 
p o n e n t s  and t h e  s p e c i f i c  form o f  t h e  e v a l u a t i n g  f u n c t i o n  E ( x , y ) .  
The most d i f f i c u l t  p o i n t s  c o n c e r n  t h e  e l u c i d a t i o n  o f  p r o c e d u r e s  
f o r  s a t i s f y i n g  c o n s t r a i n t s .  A s  a  r u l e  t h e r e  may b e  d i s t i n g u i s h e d  
two k i n d s  o f  c o n s t r a i n t s .  The f i r s t  k i n d  i n c l u d e s  c o n s t r a i n t s w h o s e  
s a t i s f a c t i o n  i s  mandatory  d u e  t o  t e c h n i c a l  r e a s o n s  ( d e s t r u c t i o n  o f  
c o n s t r u c t P o n s  and so o n ) .  Such c o n s t r a i n t s  must be  s a t i s 2 i e d  f u l l y - -  
~f t h e y  a r e  n o t  s a t i s f i e d  f o r  some v a r i a n t  x  even unde r  one  o f  t h e  
i 
c o n s i d e r e d  n a t u r e  s t a t e s  y  t h e n  t h i s  v a r i a n t  x  must  be  m e r e l y  
s f  i 
e x c l u d e d  from t h e  f o l l o w i n g  s o l u t i o n  of  t h e  problem. C o n s t r a i n t s  
o f  t h e  second k i n d  c a \ l s e  o n l y  economic damages i f  t h e y  a r e  v i o l a t e d .  
I t  i s  n o t  n e c e s s a r y  t o  s a t i s f y  them f u l l y .  But damage owing t o  
t h e i r  v i o l a t i o n  must  be i n c l u d e d  i n  t h e  e v a l u a t i n g  f u n c t i o n  E ( x , y ) .  
Such damage a s  a  r u l e  c o n c e r n s  e x t e r n a l  s y s t e m s  o r  a n o t h e r  p a r t  o f  
t h e  g i v e n  sys t em.  I t  i s  d i f f i c u l t  t h e r e f o r e  t o  c a l c u l a t e  s u c h  
damage p r e c i s e l y  and sometimes it h a s  t o  b e  c o n s i d e r e d  a s  an  u n c e r t a i n  
i n p u t  d a t a .  Thus t h e  c o m p o s i t i o n  o f  t h e  x and  y  v e c t o r  components ,  
. . 
a s  w e l l  as t h e  c o n c r e t e  form o f  f u n c t i o n  E ( x , y ) ,  have  t o  be  e s t a b -  
l i s h e d  s i m u l t a n e o u s l y  w i t h  p r o c e d u r e s  f o r  s a t i s f y i n g  c o n s t r a i n t s .  
I V . 2 .  S t a t e m e n t  o f  Dynamic Problems -
The s t a t e m e n t  o f  dynamic p rob lems  ( and  it i s  i n  t h e  form 
o f  dynamic p rob lems  t h a t  most  s y s t e m s  development  t a s k s  p r e s e n t  
t h e m s e l v e s )  i s  marked ly  d i f f e r e n t  f rom t h e  s t a t e m e n t  o f  s t a t i c  
o n e s .  Here t h e  p r i n c i p l e  o f  making p r i o r i t y  d e c i s i o n s  (see 
p o i n t  1 1 . 3 )  h a s  t o  b e  c o r r e c t l y  o b s e r v e d .  
A s  a r u l e  w e  a r e  n o t  e q u a l l y  i n t e r e s t e d  i n  a l l  p a r t s  o f  
t h e  whole  g i v e n  t i m e  p e r i o d  T f o r  which a  dynamic problem i s  t o  be  
s o l v e d .  Our r e a l  i n t e r e s t  i s o n l y  i n  t h e  n e a r e s t  p a r t  ( " f i r s t  s t e p " )  
o f  t h e  g i v e n  p e r i o d .  The o t h e r  p a r t  ( t n e  " a f t e r a c t i o n "  p e r i o d )  must  
be  t a k e n  i n t o  a c c o u n t  t o  see t h e  conseauences  o f  t h e s e  ~ r i . o r i t q r  d e c i -  
s i o n s .  However, f i n a l  d e c i s i o n s  r e g a r d i n g  t h e  s y s t e m ' s  deve lopment  (01 
o p e r a t i o n )  i n  t h i s  p e r i o d  c a n  be  made l a t e r .  T h e r e f o r e  i n  dynamic 
problems w e  may ( o r  mus t )  d i s t i n g u i s h  t h e  " f i r s t  s t e p "  and " a f t e r -  
a c t i o n "  p e r i o d s .  
Fo r  s u c h  a  s t a t e m e n t  o f  dynamic p rob lems  t h e  q u e s t i o n  o f  
f o r m u l a t i o n  o f  sys t em development  v a r i a n t s  ( t r a j e c t o r i e s )  f o r  t h e  
" a f t e r a c t i o n "  p e r i o d  i s  q u i t e  complex. A p p a r e n t l y ,  such  v a r i a n t s  
have  t o  c o r r e s p o n d  on t h e  one  hand t o  a c t i o n s  u n d e r t a k e n  i n  t h e  
" f i r s t  s t e p "  ( t h e  s u b s e q u e n t  deve lopment  o f  t h e  sys t em depends  on 
t h e  c h o i c e  o f  p r i m a r y  p r o j e c t s )  and on  t h e  o t h e r  hand t o  c o n c r e t e  
f u t u r e  c o n d i t i o n s  o f  t h e  s y s t e m ' s  deve lopment  ( l a t e r  d e c i s i o n s  would 
be  made based  upon s i t u a t i o n s  t h a t  have  i n  f a c t  o c c u r r e d ) .  However 
t a k i n g  i n t o  a c c o u n t  t h a t  s u b s e q u e n t  d e c i s i o n s  w i l l  c o n t i n u e  t o  b e  
made on  t h e  b a s i s  o f  u n c e r t a i n  i n f o r m a t i o n  and t h e r e f o r e  t h e  f i n a l  
c h o i c e  w i l l  be  made by m e n - - i n t u i t i v e l y ,  h e u r i s t i c a l l y - - i t  i s  
i m p o s s i b l e  t o  f o r e s e e  s u c h  d e c i s i o n s  and d e f i n i t e l y  select  t h e  
v a r i a n t s  o f  a  s y s t e m ' s  deve lopment  f o r  t h e  " a f t e r a c t i o n "  p e r i o d .  
T h e r e f o r e  v a r i o u s  a p p r o x i m a t e  methods c a n  b e  used  t o  d e t e r m i n e  
t h e s e  v a r i a n t s ,  and  d i f f e r e n t  s t a t e m e n t s  o f  dynamic problems 
c o r r e s p o n d  t o  them [9,11]. Some p o s s i b l e  s t a t e m e n t s  w i l l  b e  con-  
s i d e r e d  below. 
Economic ( o r  o t h e r )  e f f e c t s  i n  dynamic problems ( so lved  1 
a s  a  r u l e  by d i v i d i n g  t h e  t i m e  p e r i o d  s t u d i e d  i n t o  d i s c r e t e  i n t e r -  
v a l s )  c a n  b e  e s t i m a t e d  u s i n g  t h e  f u n c t i o n a l :  
where : 
Et = f u n c t i o n  o f  e x p e n d i t u r e s  a t  t i m e  i n t e r v a l  t; 
T  = t o t a l  number o f  t i m e  i n t e r v a l s  ( " s t e p s " ) ;  
X t-1 and xt = v e c t o r s  o f  o p t i m i z i n g  p a r a m e t e r s  a t  t h e  
b e g i n n i n g  and a t  t h e  end o f  t i m e  i n t e r v a l  t; 
yt = v e c t o r  o f  i n d e f i n i t e  v a r i a b l e s  t h a t  c h a r a c t e r i z e s  
n a t u r e  s t a t e s  a t  t i m e  i n t e r v a l  t .  
The f i r s t  s t a t e m e n t  i s  t h e  most  s i m p l e  ( and  t h e  most  r o u g h ) ,  
by r e d u c i n g  t h e  dynamic problem t o  a  s t a t i c  o n e .  T h i s  i s  s i m p l e  
enough when t h e  n a t u r e  s t a t e  ys ( s  = number o f  n a t u r e  s t a t e )  i s  
t a k e n  a s  a c o n c r e t e  r e a l i z a t i o n  o f  v e c t o r  y  f o r  t h e  whole p e r i o d  T :  
and o u r  p o s s i b l e  a c t i o n  xi ( i  = number o f  t h e  a c t i o n  o r  v a r i a n t )  
i s  t h e  c h o i c e  o f  a  s i n g l e - v a l u e d  d e t e r m i n i s t i c  t r a j e c t o r y  o f  
t h e  s y s t e m ' s  deve lopmen t  f o r  t h e  whole p e r i o d  T: 
- xi  - ( x  x  ti'"" x  1 T i  (3-IV) 
With s u c h  a s t a t e m e n t  of  t h e  problem t h e  g e n e r a l  s equence  
o f  i t s  s o l u t i o n  c a n  b e  t h e  same as f o r  s t a t i c  problems.  Some 
r e a l i z a t i o n s  (2-IV) and  s e v e r a l  p o s s i b l e  a c t i o n s  (3-IV) are c h o s e n .  
T h i s  i s  done  by f o r m a l  methods [ g ]  o r  h e u r i s t i c  means,  as w i l l  
b e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n s .  
F o r  e a c h  a c t i o n  xi and  n a t u r e  s t a t e  ys we estimate t h e  
e x p e n d i t u r e s  Eis by f u n c t i o n a l  ( I - I V ) .  T h i s  r e s u l t s  i n  a  "pay-off  
m a t r i x "  (bislI, and on t h e  b a s i s . 0 5  i t s  a n a l y s i s  r a t i o n a l  v a r i a n t s  
a r e  c h o s e n .  
The s h o r t c o m i n g s  o f  t h i s  s t a t e m e n t  a r e  o b v i o u s .  
The second  s t a t e m e n t  ( and  a l l  f o l l o w i n g  o n e s )  s u p p o s e s  t h a t  
t h e  a im o f  t h e  dynamic p r o b l e m ' s  s o l u t i o n  i s  t h e  c h o i c e  o f  a n  
e x p e d i e n t  a c t i o n  f o r  t h e  n e a r e s t  t i m e  p e r i o d  ( " f i r s t  s t e p " )  o n l y .  
One o f  t h e  p o s s i b l e  ways o f  s o l v i n g  s u c h  a problem i s  : 
( a )  s e v e r a l  p o s s i b l e  a c t i o n s  a r e  p l a n n e d  a t  t h e  f i r s t  s t e p  
( b )  a  series of  r e a l i z a t i o n s  (2-IV) f o r  t h e  whole s t u d i e d  
p e r i o d  a r e  c h o s e n  as  b e f o r e ;  
( c )  f o r  e a c h  p l anned  a c t i o n  a t  t h e  f i r s t  s t e p  and  t h e  chosen  
n a t u r e  stater d e t e r m i n i s t i c  o p t i m i z a t i o n  c a l c u l a t i o n s  are 
c a r r i e d  o u t  f o r  a l l  s t e p s  b e g i n n i n g  w i t h  t h e  second one;  t h i s  
g i v e s  a  pay-off  m a t r i x  lbisll, where  Eis = v a l u e  o f  t h e  oh- 
j e c t i v e  f u n c t i o n a l  f o r  t h e  i - t h  a c t i o n  and t h e  s - t h  n a t u r e  
s t a t e  i s  d e t e r m i n e d  a s  
Eis = El (x i ,y ls )  + min & Et ( X t - l , X t ' ~ t s  1 ( 4 - I V )  
X t 
The f i r s t  t e r m  i n  ( 4 - I V )  i s  e q u a l  t o  t h e  f u n c t i o n  v a l u e  i n  
t h e  f i r s t  i n t e r v a l  f o r  f i x e d  xi and yls; t h e  second summand i s  
an ext reme v a l u e  o f  t h e  f u n c t i o n a l  i n  t h e  p e r i o d  of a f t e r a c t i o n .  
R a t i o n a l  a c t i o n s  a t  t h e  " f i r s t  s t e p "  a r e  chosen on t h e  b a s e  
of  t h i s  m a t r i x .  
The m e r i t  o f  such a  statement is t h e  f l e x i b l e  and r a t h e r  
l o g i c a l  a d a p t a t i o n  of  v a r i o u s  d e c i s i o n s  t o  d i f f e r e n t  s t a t e s  of  
n a t u r e .  But it i s  l a b o r i o u s  and d o e s  n o t  q u i t e  co r respond  t o  r e a l  
s i t u a t i o n s .  The " s u b o p t i m i z a t i o n "  o f  a  system development a t  t h e  
second and f o l l o w i n g  s t e p s  f o r  d i f f e r i n g  c o n d i t i o n s  a g r e e s  w i t h  
t h e  assumpt ion  t h a t  f u r t h e r  on ( a f t e r  t h e  f i r s t  s t e p )  w e  s h a l l  
know p r e c i s e l y  t h e  for thcoming c o n d i t i o n s  and t h e r e f o r e  s h a l l  be 
a b l e  t o  a c t  o p t i m a l l y .  I n  r e a l i t y ,  making d e c i s i o n s  a t  sub- 
s e q u e n t  s t e p s  w e  s h a l l  c o n t i n u e  t o  be under  u n c e r t a i n t y  and 
s o  n o t  be  a b l e  t o  a c t  o p t i m a l l y .  
Taking i n t o  accoun t  t h e  second c i r c u m s t a n c e  w e  may sometimes 
n o t  demand such s t r i c t  " s u b o p t i m i z a t i o n "  of  a  s y s t e m ' s  development 
f o r  t h e  p e r i o d  of  " a f t e r a c t i o n "  and may o p t  f o r  a  s i m p l i f i e d  
t h i r d  s t a t e m e n t .  Here some p o s s i b l e  a c t i o n s  a t  t h e  f i r s t  s t e p  
and s e v e r a l  n a t u r e  s t a t e s  (2-IV) f o r  t h e  whole s t u d i e d  p e r i o d  a r e  
a l s o  p lanned.  
The d i f f e r e n c e  i s  i n  how w e  t a k e  i n t o  a c c o u n t  t h e  " a f t e r a c t i o n  
p e r i o d  and make t h e  c a l c u l a t i o n  o f  t h e  pay-off m a t r i x .  For e a c h  
d e c i s i o n  i n  t h e  f i r s t  s t e p  s e v e r a l  (two t o  f i v e )  v a r i a n t s  of  t h e  
s y s t e m ' s  p o s s i b l e  development i n  t h e  " a f t e r a c t i o n "  p e r i o d  a r e  
p lanned (numbers o f  t h e s e  v a r i a n t s  a r e  d e s i g n a t e d  by j ) :  
F u r t h e r ,  f o r  a l l  v a r i a n t s  j t h e  f u n c t i o n a l  ( I - I V )  i s  c a l -  
c u l a t e d  a t  e a c h  chosen n a t u r e  s t a t e .  These c a l c u l a t i o n s  become 
n o t  o p t i m i z a t i o n  b u t  o n l y  e v a l u a t i n g  ( a t  f i x e d  v a l u e s  x  ) t i j  
c a l c u l a t i o n s  u n l i k e  i n  t h e  above mentioned second s t a t e m e n t .  
Such a  c a l c u l a t i o n  d e t e r m i n e s  t h e  e x p e n d i t u r e  v a l u e :  
Now w e  s u g g e s t  t a k i n g  i n t o  accoun t  t h e  a d a p t a t i o n  o f  t h e  s y s t e m ' s  
development  i n  t h e  p e r i o d  of  a f t e r a c t i o n  under  d i v e r s e  n a t u r e  
s t a t e s  by t h e  c h o i c e  of  such a  v a r i a n t  (from t h o s e  mentioned) 
whereby t h e  e x p e n d i t u r e s  a t  t h e  g i v e n  n a t u r e  s t a t e  w i l l  be 
minimal : 
( 7  - I V )  
T h i s  a g r e e s  w i t h  t h e  assumpt ion  t h a t  a t  t h e  second and f o l l o w i n g  
s t e p s  we s h a l l  choose  t h i s  o r  t h a t  v a r i a n t  of  t h e  s y s t e m ' s  f u r t h e r  
development  depending upon a c t u a l  c o n d i t i o n s ,  b u t  t h i s  c i r c u m s t a n c e  
i s  t a k e n  i n t o  a c c o u n t  h e r e  i n  s i m p l i f i e d  form. The v a l u e s  Eis 
o b t a i n e d  by r e l a t i o n  (7-IV) a r e  used f o r  f i l l i n g  t h e  pay-off m a t r i x  
1 1  Eisl l  . I t s  subsequen t  a n a l y s i s  and c h o i c e  of  r a t i o n a l  d e c i s i o n s  
a r e  c a r r i e d  o u t  a c c o r d i n g  t o  t h e  u s u a l  o r d e r .  
The f o u r t h  s t a t e m e n t  d i f f e r s  from t h e  p r e v i o u s  o n e s  a s  
f o l l o w s :  each  r a t i o n a l  a c t i o n  a t  t h e  f i r s t  s t e p  ( o p t i m a l  by t h e  
c o r r e s p o n d i n g  c r i t e r i o n )  i s  determined on t h e  assumpt ion  t h a t  a t  
a l l  s t e p s  of  t h e  " a f t e r a c t i o n "  p e r i o d  t h e  c h o i c e  i s  implemented 
a c c o r d i n g  t o  t h i s  c r i t e r i o n .  I n  o t h e r  words,  w e  choose  a  c e r t a i n  
c r i t e r i o n ,  f o r  i n s t a n c e  t h a t  of  Wald, and o p t i m i z e  t h e  s y s t e m ' s  
development  for  the whole p e r i o d  under s t u d y .  Optimal a c t i o n  
o b t a i n e d  f o r  t h e  f i r s t  s t e p  b e l o n g s  t o  t h e  r a t i o n a l  a c t i o n s .  Then 
w e  o p t i m i z e  t h e  s y s t e m ' s  development  ( a l s o  f o r  t h e  whole p e r i o d  
under  s t u d y )  by a n o t h e r  c r i t e r i o n  ( f o r  example t h e  Savage c r i t e r i o n )  
and we g e t  an  a d d i t i o n a l  r a t i o n a l  a c t i o n  a t  t h e  f i r s t  s t e p ,  e t c .  
Having f i x e d  t h e  c r i t e r i o n  of  o p t i m a l i t y  K w e  come t o  t h e  
problem s i m i l a r  t o  s t o c h a s t i c  dynamic problems ( w i t h  known 
p r o b a b i l i s t i c  d e s c r i p t i o n s ) ,  when t h e  ext remes  o f  t h e  mathemat ica l  
e x p e c t a t i o n  of  t h e  f u n c t i o n a l  i s  sought .  I t  can  be s o l v e d  
u s i n g  i d e a s  and methods o f  dynamic programming. For i n s t a n c e ,  i f  
w e  t a k e  t h e  PJald c r i t e r i o n  (minimax e x p e n d i t u r e s )  t h e n  f o r  each  
t - t h  t i m e  i n t e r v a l  t h e  f o l l o w i n g  f u n c t i o n a l  e q u a t i o n  must be 
s o l v e d  ( s t a r t i n g  from t h e  e n d ) :  
0 0 KT ( x ~ - ~ )  = min max T L E t  ( x ~ - ~  rxt I y t )  + Kt+l  kt) I (8-IV) 
x+ Y +  
where : 
0 T  Kt = minimal p o s s i b l e  c r i t e r i o n  v a l u e  f o r  t h e  p e r i o d  from 
t h e  beg inn ing  of  t h e  t - t h  i n t e r v a l  t o  t h e  end o f  
t h e  p e r i o d  be ing  s t u d i e d  (it depends  upon t h e  v e c t o r  
v a l u e  x ~ - ~ ) .  
The s o l u t i o n  o f  such a  problem w i t h  c o n t i n u o u s  v a l u e s  
o f  v e c t o r s  x  and y ,  e s p e c i a l l y  of  l a r g e  d imension,  i n v o l v e s  
g r e a t  ( p o s s i b l y  even u n s o l v a b l e )  computa t io l la l  d i f f i c u l t i e s .  
But ,  i f  a  f i n i t e  and n o t  t o o  l a r g e  number of v e c t o r  xt v a l u e s ,  
c h a r a c t e r i z i n g  d i v e r s e  system s t a t e s ,  and a l s o  a  l i m i t e d  number 
o f  n a t u r e  s t a t e s  is  t a k e n  (making t h e  problem d i s c r e t e ) ,  t h e n  t h e  
s o l u t i o n  becomes p o s s i b l e  i n  p r a c t i c e .  I n  [ 9 ]  t h e r e  is t h e  
a l g o r i t h m  o f  a  p rob lem ' s  s o l u t i o n  u s i n g  such  a  s t a t e m e n t  
on t h e  b a s e  of  which t h e  computer program h a s  been worked o u t .  
The s u i t a b l e  a p p l i c a t i o n  of one o r  . the o t h e r  of  t h e  above 
mentioned s t a t e m e n t s  depends upon t h e  p e c u l i a r i t i e s  of t h e  g i v e n  
problem: i t s  g e n e r a l  l a b o r i o u s n e s s  (computer t i m e  r e q u i r e d ) ,  t h e  
t i m e  a v a i l a b l e  f o r  s o l u t i o n  and t h e  s o l u t i o n  p e r i o d i c i t y ,  etc.  
For each problem t h e s e  q u e s t i o n s  have t o  be s p e c i f i e d .  The second 
s t a t e m e n t  i s  t h e  one  most widely  used a t  t h e  p r e s e n t  t i m e .  
I n  [9] t h e r e  a r e  examples of  s o l u t i o n s  f o r  problems r e l a t i n g  
t o  t h e  management o f  power sys tems which t a k e  i n t o  accoun t  un- 
c e r t a i n t y  i n  i n i t i a l  i n f o r m a t i o n .  Also  t h e  example of  s o l u t i o n  of 
a  dynamic problem i s  g i v e n  i n  t h e  l a s t  s e c t i o n  o f  t h i s  paper .  
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V . 1 .  P r e l i n i n a r y  A n a l y s i s  of A v a i l a b l e  I n p u t  Data 
One of  t h e  main aims h e r e  i s  t o  c l a r i f y  t h e  p r o p e r t i e s  o f  
n o n - d e t e r m i n i s t i c  d a t a  w i t h  r e g a r d  t o  t h e i r  d e g r e e  of  u n c e r t a i n t y .  
One c l a r i f i e s :  r e a l l y  p o s s i b l e  i n t e r v a l s  ( d i a p a z o n e s )  of  each  
d a t a  v a l u e ;  mutual  dependences ( c o r r e l a t i o n s )  between i n d i v i d u a l  
i n d i c a t o r s ;  p o s s i b i l i t i e s  t o  o b t a i n  a  p r o b a b i l i s t i c  d e s c r i p t i o n  
f o r  t h i s  o r  t h a t  d a t a  and t h e  a c c u r a c y  of  such d e s c r i p t i o n ;  t h e  
c o n t i n u o u s  o r  d i s c o n t i n u o u s  n a t u r e  of i n d i v i d u a l  i n p u t  d a t a ;  t h e i r  
most c h a r a c t e r i s t i c  v a l u e s ,  e t c .  Such an  a n a l y s i s  i s  needed f o r  
q u a n t i t a t i v e  d e s c r i p t i o n  of  i n p u t  d a t a  and subsequent  c h o i c e  o f  
t h e i r  s p e c i f i c  v a l u e s .  
The second aim o f  p r e l i m i n a r y  a n a l y s i s  i s  t o  s p e c i f y  t h e  
most v a l u a b l e  i n d i c a t o r s ,  whose u n c e r t a i n t y  l e a d s  most d i r e c t l y  
t o  t h e  u n c e r t a i n t y  of a  s i t u a t i o n .  Those i n d i c a t o r s  whose un- 
c e r t a i n t y  d o e s  n o t  i n f l u e n c e  t h e  r e s u l t s  of a  p rob lem ' s  s o l u t i o n  
( t h e y  a r e  as a r u l e  i n  t h e  m a j o r i t y )  may b e  g i v e n  d e t e r m i n i s t i c a l l y  
by t h e i r  midd le ,  o r  most p r o b a b l e , o r  some o t h e r  c h a r a c t e r i s t i c  
v a l u e s .  Only main s t o c h a s t i c  o r  u n c e r t a i n  i n p u t  d a t a  whose un- 
c e r t a i n t y  r e a l l y  l e a d s  t o  u n c e r t a i n t y  i n  decision-making 
ha.ire t o  be i n c l u d e d  among v e c t o r  y  components. To d e c r e a s e  t h e  
d in lens ions  of  a problem and t h e  l a b o r i o u s n e s s  of  i t s  c a l c u l a t i o n s  
it i s  d e s i r a b l e  t h a t  t h e  number of  t h e s e  components b e  as s m a l l  
as  p o s s i b l e .  Sometimes a s p e c i a l ,  r a t h e r  invo lved  i n v e s t i g a t i o n  
h a s  t o  be made f o r  t h e s e  purposes .  
The p r e l i m i n a r y  a n a l y s i s  of i n p u t  d a t a  h e r e  under  c o n s i d e r a -  
t i o n  must i n  f a c t  be  done b e f o r e  o r  s i m u l t a n e o u s l y  w i t h  t h e  state-  
ment of a problem s i n c e  a  s p e c i f i c  form of  e v a l u a t i n g  f u n c t i o n  
E ( x , y )  and g e n e r a l  p rocedure  of  a prob lem ' s  s o l u t i o n  depend on t h e  
c o ~ i p o s i t i o n  and p r o p e r t i e s  o f  t h e  v e c t o r  y  components. 
V . 2 .  Recommendations f o r  t h e  S e l e c t i o n  
A s  t o  t h e  s e l e c t i o n  of  r e p r e s e n t a t i v e  n a t u r e  s t a t e s ,  t h e  f i r s t  
q u e s t i o n  i s  t h e  d e t e r m i n a t i o n  o f  t h e i r  t o t a l  number S .  A s  w a s  
mentioned i n  s e c t i o n  111, t h i s  number must n o t  be t o o  l a r g e  and 
i s  determined from t h e  p r a c t i c a l  v iewpoin t  of  l a b o r i o u s n e s s  of  
subsequen t  computa t ions .  U s u a l l y  it i s  s u f f i c i e n t  t o  c o n s i d e r  
10 + 30 d i f f e r e n t  n a t u r e  states .  I f  i n  t h e  p r o c e s s  o f  a problem's  
s o l u t i o n  it becomes n e c e s s a r y  t o  c o n s i d e r  c e r t a i n  complementary 
n a t u r e  states ,  t h e y  c a n  be i n c l u d e d  a d d i t i o n a l l y  w i t h  cor respond ing  
supp lementa l  c a l c u l a t i o n s .  
A s  a r u l e  t h e r e  a r e : n o t  many ( 2  t 5 ,  sometimes a few more) 
important i n d i c a t o r s  whose u n c e r t a i n t y  most s t r o n g l y  i n f l u e n c e s  
r e s u l t s .  L e t  u s  c a l l  t h e s e  t h e  f i r s t  g roup  of  u n c e r t a i n  i n p u t  
d a t a .  S p e c i a l  a t t e n t i o n  must be p a i d  t o  t h e s e  d a t a .  Usua l ly  it 
i s  i n a d m i s s a b l e  t o  u s e  f o r m a l i z e d  methods f o r  t h e s d e c t i o n  o f  
p r o b a b l e  combina t ions  of  t h e i r  v a l u e s .  
The f o l l o w i n g  way may b e  recommended f o r  t h e  
s e l e c t i o n  o f  f i r s t  g roup  i n p u t  d a t a  con tb ina t ions .  
--- 
2 +3 p r o b a b l e  v a l u e s  a r e  taken f o r  e a c h  such  i n d i c a t o r  ( f o r  
example,  " o p t i m i s t i c " ,  " p e s s i m i s t i c " ,  " m i d d l e " ) .  I f  t h e r e  
a r e  no i n t e r d e p e n d e n c e s  between t h e s e  i n d i c a t o r s  and s i m u l t a n e o u s  
a p p e a r a n c e  o f  any  o f  t h e i r  v a l u e  c o m b i n a t i o n s  ( f o r  example,  orkly 
" p e s s i m i s t i c "  o r  o n l y  " o p t i m i s t i c "  f o r  a l l  t h e  i n d i c a t o r s  a t  
o n c e )  i s  p o s s i L l e ,  t h e n  one must c o n s i d e r  a  comple te  set of  
c o m b i n a t i o n s  o f  t h e i r  t a k e n  v a l u e s .  A s  t h e  number o f  such  
i n d i c a t o r s  i n c l u d e d  i n  t h e  f i r s t  g r o u p  i s  n o t  l a r g e  ( 2  t 5 )  t h e  
g e n e r a l  number of  t h e i r  v a l u e  c o m b i n a t i o n s  w i l l  a l s o  n o t  b e  
l a r g e  ( 5 + 3 0 ) .  And it c o u l d  b e  d e c r e a s e d  a d d i t i o n a l l y  by 
c l a r i f y i n g  and e x c l u d i n g  t h o s e  c o m b i n a t i o n s  t h a t  a r e  c l o s e  . 
t o  o t h e r  o n e s  a s  r e g a r d s  t h e i r  i n f l u e n c e  on  a  p r o b l e m ' s  
s o l u t i o n .  But i f  t h e r e  a r e  mutua l  i n t e r d e p e n d e n c e s  among 
f i r s t  g r o u p  i n p u t  d a t a  t h e n  one  c a n  e x c l u d e  ( f rom a  comple te  
set  of  c o m b i n a t i o n s )  t h e  c o m b i n a t i o n s  which seem t o  be  n o n - r e a l .  
Thus a  r e l a t i v e l y  s m a l l  number (S1 = 5  t 2 0 )  o f  v a l u e  c o m b i n a t i o n s  
t o  b e  c o n s i d e r e d  d u r i n g  t h e  p r o b l e m ' s  s o l u t i o n  is  o b t a i n e d  f o r  
t h e  f i r s t  g r o u p  o f  i n p u t  d a t a .  
Such a n  approach  c a n n o t  be used  f o r  t h e  r ema in inq  
n o n - d e t e r m i n i s t i c  i n p u t  d a t a  ( second  g r o u p )  a s  t h e i r  number 
migh t  be  t o o  b i g  ( t e n s  o r  even  h u n d r e d s ) .  The number of 
t h e i r  v a l u e s  c o m b i n a t i o n s  becomes t o o  unwie ldy  and it i s  v e r y  
d i f f i c u l t  ( o r  s imply  i m p o s s i b l e )  t o  select a  l i m i t e d  number o f  
" c h a r a c t e r i s t i c "  c o m b i n a t i o n s  by a n  i n t u i t i v e  a n a l y s i s .  Formal 
methods f o r  such  a  s e l e c t i o n  migh t  be  recommended h e r e .  A s  a  
r u l e  t h e y  a r e  based  on a  r e g u l a r  ( i n  some s e n s e )  d i s t r i b u t i o n  
o f  a  g i v e n  number o f  p o i n t s  i n  a n  n-d imens ional  p a r a l l e l e p i p e d  
o r  s i n g l e  cube  ( i n  a  c o n t i n u o u s  domain Y o f  p o s s i b l e  v e c t o r  y 
v a l u e s ) .  
I n  p a r t i c u l a r ,  methods have been  proposed  [ g ]  u s i n g  
l i n e a r  c o d e  t h e o r y  f o r  c h o o s i n g  p o i n t s  e v e n l y  o r  u n i f o r m l y  
d i s t r i b u t e d  on  a  g r i d  o r  i n  t h e  c e n t e r s  o f  s p h e r e s  hav ing  e q u a l  
and maximum p o s s i b l e  d i a m e t e r s .  F i g .  3  i l l u s t r a t e s  s u c h  
s e l e c t i o n  w i t h i n  a  two-dimensional  s i n g l e  cube .  I n  F i g .  3a 
a) on a g r i d  
4 
b) i n  t h e  c e n t e r  o f  s p h e r e s  
F i g -  3 -  S e l e c t i o n  o f  Uni formly  S i t u a t e d  P o i n t s .  
a selection of seven points on a regular grid is shown. Fig.3b 
shows the selection of 3 points in the centers of spheres. Even- 
ness is understood here as providing for the maximum possible 
distances between points (with a given total number S). Selection 
on a regular grid seems to be better for a big n (large dimensional 
vector y) than selection using the centers of spheres. The latter 
method uses the Euclid distance as a measure of nearness of 
points. But in a large dimensional space the Euclid distance 
becomes bad for such a measure. For example the main diagonal 
of the single n-dimensional cube strives to infinity if n+" 
though the length of each rib of the cube remains equal to one. 
Therefore with a big dimension of the single cube the centers of 
such spheres concentrate in the central part of the cube and 
when n+" they even merge with its central point (all having 
coordinates 0.5). 
Selection using a regular grid has no such disadvantage. 
But nowadays the problem of such a choice has been solved for 
a partial case only [ g l ,  namely, for the case when the given 
total number S of selecting points is a simple number (1, 2, 3, 
5, 7, 11, 13 and so on). This is not a great disadvantage 
however as we can anybiay take a certain simple number nearest to 
the desired total number of nature states under consideration. 
One additional advantage of this method is the consideration 
of S values for each component of vector y (see Fig. 3a.). 
Extrapolation of the points from a single cube into a real 
space Y (as a rule into an n-dimensional parallelepiped) may 
be simply done as a linear extrapolation. 
Hence using such formal methods we can obtain a certain 
number (S2) of value combinations for the second group (for 
the rest) of non-deterministic input data. 
Now the representative set of nature states may be ob- 
tained if we combine with each other the S1 combinations of 
first group input data values and the S2 combinations of the 
second group. In practice this means that for each combination 
of first group input data values all S2 combinations of the 
second group have to be considered. The general number of 
nature states under consideration will then be S = S1 x S2. 
To ensure that this number corresponds approximately to the 
number outlined earlier one has to choose'tne nuntbers 
S1 and S2 in a proper way. For example, one can distribute non- 
deterministic input data suitably between first and second groups, 
find the minimum possible number (S1) of combinations for the 
first group and determine a proper number (S2) of combinations 
for the second group (which corresponds to the desired total 
number S and this first number S1), etc. 
If the general number (n) of non-deterministic input data 
(components of vector y) is not so big, then one may of course 
not divide them into two groups and may select the set of 
representatives for all such data simultaneously (as was re- 
commended for the first group). 
As a result of the whole operation we just obtain 
the set of nature states 
which will be considered during solution of the problem. 
With dynamic problems this operation may be done either for 
the whole period studied (perhaps with the corresponding in- 
crease of the dimension of the vector y by a multiplication 
of the number of non-deterministic input data by the number of 
time intervals) or for each time interval individually. Then 
we obtain either S realizations (2-IV) or T sets (1-V) for 
individual intervals. 
VI. SEARCH FOR ANU PRELIMINARY ANALYSIS OF VARIANTS FOR 
PROBLEM SOLUTION 
v1.1. Search for Solution Variants under consideration 
The aim of this search is the selection of potentially 
rational solution variants which should be considered during 
subsequent solutions of a problem. For continuous problems this 
is also in a certain sense a "discretization" of the problem. 
I n  some problems ( e s p e c i a l l y  t h o s e  w i t h  d i s c r e t e  p a r a m e t e r s  
t o  be  o p t i m i z e d )  t h e  competing v a r i a n t s  x i ( i = l ,  ..., I )  among 
which r a t i o n a l  v a r i a n t s  have t o  b e  de termined are e v i d e n t  o r  
may be  o u t l i n e d  by u s e  of  i n t u i t i o n .  Tha t  depends  t o  a c e r t a i n  
e x t e n t  on t h e  g e n e r a l  number ( I )  o f  v a r i a n t s  which may b e  p r a c t i -  
c a l l y  c o n s i d e r e d  t a k i n g  i n t o  accoun t  t h e  l a b o r i o u s n e s s  o f  t h e  
f o l l o w i n g  computa t ions  ( d u r i n g  which t h e  pay-of f  m a t r i x  1 1  E 1 1  would i s  
b e  c a l c u l a t e d ) .  I f  t h e  number of v a r i a n t s  which i n t u i t i v e l y  a r e  
i n t e r e s t i n g  do n o t  exceed t h i s  number I and i f  t h e r e  i s  s u f f i c i e n t  
c o n f i d e n c e  t h a t  I v a r i a n t s ,  o u t l i n e d  by i n t u i t i o n ,  i n  f a c t  i n c l u d e  
a l l  v a r i a n t s  ( t h a t  might  prove  t o  be r a t i o n a l  o n e s ) ,  t h e n  t h e  
o p e r a t i o n  c o n s i d e r e d  would be  r e l a t i v e l y  s imple .  T h i s  may be 
done i n  a n  i n t u i t i v e  manner. 
For  more compl ica ted  problems s p e c i a l  methods have t o  be  
used .  The main approach recommended h e r e  i s  t h e  making of 
o p t i m i z a t i o n  c a l c u l a t i o n s  f o r  s e v e r a l  d e t e r m i n i s t i c a l l y  g i v e n  
c o n d i t i o n s  o f  a s y s t e m ' s  development o r  o p e r a t i o n .  A " l o c a l l y "  
o p t i m a l  v a r i a n t  o b t a i n e d  under some r e a l l y  p o s s i b l e  c o n d i t i o n s  
e v i d e n t l y  would be  dominant and might  prove  t o  be a  r a t i o n a l  one  
o r  might  even be l a t e r  t a k e n  f o r  implementa t ion .  
T h i s  approach i s  r a t h e r  l a b o r i o u s  as it demands a series 
of  o p t i m i z a t i o n  c a l c u l a t i o n s .  T h e r e f o r e ,  t h e  p o s s i b i l i t y  o f  i t s  
a p p l i c a t i o n  and t h e  number of  c a l c u l a t i o n s  t o  be  made w i l l  depend 
on computers  a v a i l a b l e ,  e s t a b l i s h e d  t e r m s  f o r  problem s o l u t i o n  
and s o  on.  I f  t h e r e  i s  an o p p o r t u n i t y ,  t h e  s e a r c h  f o r  such 
" l o c a l l y "  o p t i m a l  v a r i a n t s  h a s  t o  be made f o r  a l l  S c o n d i t i o n s  
( n a t u r e  s t a t e s )  s e l e c t e d  i n  t h e  p r e v i o u s  o p e r a t i o n .  But i n  
p r i n c i p l e  t h e  number o f  c o n d i t i o n s  under  which t h e  d e t e r m i n i s t i c  
o p t i m i z a t i o n  c a l c u l a t i o n s  a r e  made might  d i f f e r  from t h e  number 
o f  n a t u r e  s ta tes  S s e l e c t e d  ear l ier  and b e  e i t h e r  less o r  more. 
Thus, a s  a  r e s u l t  of  such o p t i m i z a t i o n  c a l c u l a t i o n s  a  
m u l t i t u d e  o f  p o s s i b l e  v a r i a n t s  f o r  a p r o b l e m ' s  s o l u t i o n  would 
be  sough t  f o r  t h e  e n s u i n g  e n g i n e e r i n g  a n a l y s i s .  I t  h a s  t o  
be  p o i n t e d  o u t  t h a t  t h e  " l o c a l l y "  o p t i m a l  v a r i a n t s  do  n o t  c o v e r  
t h e  e n t i r e  set  of dominant v a r i a n t s .  I n  p r i n c i p l e  t h e r e  may 
e x i s t  such  v a r i a n t s  which w h i l e  n o t  o p t i m a l  under  any  c o n d i t i o n s  
are i n  f a c t  b e t t e r  t h a n  " l o c a l l y "  o p t i m a l  o n e s  f o r  t h e  t o t a l i t y  
o f  c o n d i t i o n s ,  and may t h e r e f o r e  ?rove  t o  be r a t i o n a l  ones .  
But t h e r e  seems t o  be  no way t o  d e t e r m i n e  such  dominant  v a r i a n t s  
e x c e p t  t h r o u g h  i n t u i t i o n .  
VI .2 .  P r e l i m i n a r y  A n a l y s i s  of t h e  S o l u t i o n  V a r i a n t s  
The f i r s t  aim of t h e  p r e l i m i n a r y  a n a l y s i s  i s  t o  examine whether  
t h e r e  r e a l l y  i s  u n c e r t a i n t y  of c h o i c e  o r  n o t ;  i n  o t h e r  words, 
whe the r  t h e  " l o c a l l > - "  o p t i m a l  v a r i a n t s  s o u g h t  d i f f e r  from 
e a c h  o t h e r  from t h e  v iewpoin t  of o u r  a c t i o n  o r  happen t o  
b e  t h e  same. 
A s  t o  s t a t i c  problems,  t h i s  examina t ion  relates  t o  o n l y  
t h e  main p a r a m e t e r s  which c h a r a c t e r i z e  o u r  a c t i o n .  Pa ramete r s  
r e l a t e d  t o  a d d i t i o n a l  " u n d e r t a k i n g s " ,  which s a t i s f y  c o n s t r a i n t s ,  
n a t u r a l l y  may n o t  be t a k e n  i n t o  c o n s i d e r a t i o n .  I f  a  problem 
i s  dynamic, t h e n  it i s  i m p o r t a n t  t o  t es t  a  c o i n c i d e n c e  of 
p r i o r i t y  p r o j e c t s  f o r  c o n s t r u c t i o n  o r  v a l u e s  o f  main o p t i m i z i n g  
p a r a m e t e r s  i n  t h e  f i r s t  ( n e a r e s t )  t i m e  i n t e r v a l .  
I f  t h e  c o i n c i d e n c e  t a k e s  p l a c e  t h e n  a  problem s o l u t i o n  can  
be  f i n i s h e d  and t h e  s i n g l e  o p t i m a l  v a r i a n t  sough t  h a s  t o  be  
recommended f o r  implementa t ion .  
The aim of t h e  f o l l o w i n g  a n a l y s i s  of " l o c a l l y "  o p t i m a l  v a r i a n t s  
( i f  q u i t e  a few of them o c c u r )  i s  t o  select from them such a  number 
( I )  of competing v a r i a n t s  a s  w e  c a n  i n  p r a c t i c e  c o n s i d e r  d u r i n g  
subsequen t  s o l u t i o n  of  a g i v e n  problem. Then it i s  n e c e s s a r y  t o  
i d e n t i f y  p e c u l i a r i t i e s  which d i s t i n g u i s h  such  v a r i a n t s  from one 
a n o t h e r .  T h i s  a l l o w s  one  t o  s e l e c t  v a r i a n t s  which a r e  most c h a r a c -  
t e r i s t i c  and i n t e r e s t i n g  i n  t h i s  o r  t h a t  s e n s e  and t o  o u t l i n e  some 
a d d i t i o n a l  v a r i a n t s  which would combine f e a t u r e s  of d i f f e r e n t  " l o c a l l y n  
o p t i m a l  v a r i a n t s  and b e t t e r  co r respond  t o  v a r i o u s  ( n o t  o n l y  t o  one)  
c o n d i t i o n s  of  a  s y s t e m ' s  development  o r  o p e r a t i o n .  Such a n  a n a l y s i s  
w i l l  have i t s  own p a r t i c u l a r i t i e s  f o r  e a c h  problem and it i s  d i f f i -  
c u l t  t o  recommend some u n i f i e d  scheme. 
A s  t h e  f i n a l  r e s u l t  of  t h i s  o p e r a t i o n ,  I s o l u t i o n  v a r i a n t s  x  i 
(i = 1, ..., I )  are o b t a i n e d  and t h e n  t h e  pay-off m a t r i x  l l ~ ~ ~ l l  
must be c a l c u l a t e d .  
V I I .  CALCULATION OF THE PAY-OFF MATRIX 
i n t e r e s t i n g  c h a r a c t e r i s t i c  e s t i m a t i o n s  a r e :  
The pay-offmatr ix  i s  a  t a b l e  c o n s i s t i n g  o f  I l i n e s  and S  
co lumns .  I n t o  s q u a r e s  o f  t h e  t a b l e  a r e  w r i t t e n  t h e  v a l u e s  Eis 
o f  a n  e v a l u a t i n g  f u n c t i o n  (1-111) o r  (1-IV) o b t a i n e d  f o r  
s o l u t i o n  v a r i a n t  xi unde r  n a t u r e  s t a t e  ys.  
The c a l c u l a t i o n s  o f  v a l u e s  E have  t o  b e  made a c c o r d i n g  t o  i s  
t h e  chosen  s t a t e m e n t  o f  a  problem and t h e  e s t a b l i s h e d  form o f  
a n  e v a l u a t i n g  f u n c t i o n  o r  f u n c t i o n a l .  I t  i s  assumed t h a t  t h e  
c o s t  o f  a d d i t i o n a l  " u n d e r t a k i n g s "  i n  o r d e r  t o  s a t i s f y  c o n s t r a i n t s  
and t h e  damage which r e s u l t s  f rom t h e i r  n o t  b e i n g  s a t i s f i e d  
a r e  a c c o u n t e d  f o r  h e r e  ( i n  v a l u e s  E . These  c a l c u l a t i o n s  i s  
w i t h  dynamic problems w i l l  b e  i n  f a c t  o p t i m i z a t i o n  o n e s  i f ,  
f o r  example,  t h e  second  s t a t e m e n t  o f  s u c h  problems 
i s  used  (see p a r a g r a p h  IV.2) - -wi th  f i x e d  v e c t o r  x  v a l u e s  i n  
t h e  f i r s t  t i m e  i n t e r v a l ,  t h e  v a l u e s  o f  v e c t o r  x  i n  t h e  " a f t e r -  
a c t i o n "  p e r i o d  a r e  o p t i m i z e d .  A g e n e r a l  v iew o f  a  , m a t r i x  
~ J E ~ ~ J I  i s  r e p r e s e n t e d  i n  F i g .  4 ( l e f t  p a r t  o f  t h e  t a b l e ) .  The 
v a l u e s  o f  e x p e n d i t u r e s  ( l e t  a n  e v a l u a t i o n  f u n c t i o n  b e ,  f o r  
example ,  e x p e n d i t u r e s )  w r i t t e n  i n  some l i n e  g i v e  a  ( n o n - s i n g l e )  I 
economic e s t i m a t i o n  o f  t h e  c o r r e s p o n d i n g  s o l u t i o n  v a r i a n t  ( u n d e r  I i 
d e t e r m i n i s t i c  c o n d i t i o n s  t h e r e  would b e  o n l y  one  column and  t h e r e .  
would b e  one  e s t i m a t i o n  f o r  e a c h  v a r i a n t ) .  I f  t h e  p r o b a b i l i t i e s  
f o r  d i f f e r e n t  n a t u r e  s t a t e s  w e r e  known ( t h a t  would c o r r e s p o n d  t o  t h e  
e x i s t e n c e  o f  d e t e r m i n i s t i c  and  s t o c h a s t i c - d e f i n i t e  i n p u t  d a t a  
o n l y )  t h e n  f o r  e a c h  a c t i o n  ( l i n e )  it would b e  p o s s i b l e  t o  f i n d  a 
m a t h e m a t i c a l  e x p e c t a t i o n  o f  e x p e n d i t u r e s .  Such a n  e s t i m a t i o n  
would a l l o w  one  t o  compare v a r i a n t s  unde r  c o n s i d e r a t i o n  w i t h  e a c h  
o t h e r  w i t h  s o m e  d e g r e e  o f  c o n f i d e n c e  and  t o  choose  t h e  v a r i a n t  
which  i s  o p t i m a l  "on t h e  a v e r a g e " .  ~ u t  f o r  u n c e r t a i n  c o n d i t i o n s  
s u c h  a p o s s i b i l i t y  d o e s  n o t  e x i s t  and economic e s t i m a t i o n s  o f  
v a r i a n t s  x  a r e  n o n - s i n g l e .  i 
T h e r e f o r e  some c h a r a c t e r i s t i c  v a l u e s  o f  a n  e v a l u a t i n g  
f u n c t i o n  c a n  o n l y  b e  o b t a i n e d  f o r  e a c h  v a r i a n t  x i  and used  
d u r i n g  t h e  f o l l o w i n g  a n a l y s i s  o f  t h e  pay-of f  m a t r i x .  The most  
I 
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Fig. 4. The Pay-Off Matrix and Its Characteristic Values, 
a) Arithmetic average of expenditures. 
This estimation has formal similarity with the mathematical 
expectation of expenditure--it coincides with the latter if the 
uniform low of probabilistic distrubtion (equal probabilities) 
is assumed for considering nature states ys. But such an 
assumption is, as a rule, far from reality. 
b Maximum value of expenditures for a given variant. 
,:ax = max 
S 
Eis 
T h i s  c h a r a c t e r i z e s  t h e  w o r s t  t h a t  might  happen i f  t h i s  v a r i a n t  
w e r e  t a k e n  f o r  implementa t ion .  T h i s  i s  t h e  more p e s s i m i s t i c  
e s t i m a t i o n .  
C )  Minimum v a l u e  o f  e x p e n d i t u r e s .  
~y~~ = min E~~ . . 
s 
T h i s  i s  t h e  more o p t i m i s t i c  e s t i m a t i o n .  
Each o f  t h e s e  e s t i m a t i o n s  c h a r a c t e r i z e s  t h e  s i t u a t i o n  o n l y  
i n  a  one - s ide  manner. T h e r e f o r e  none o f  them c a n  b e  recommended 
f o r  t h e  f i n a l  judging  o f  v a r i a n t s .  A s  a  whole t h e y  s t i l l  g i v e  
a  non- s ing le  e s t i m a t i o n  o f  v a r i a n t s  and d o  n o t  e l i m i n a t e  i n  
g e n e r a l  t h e  u n c e r t a i n t y  i n  dec is ion-making .  But e a c h  of  t h e s e  
e s t i m a t i o n s  g i v e s  c e r t a i n  c h a r a c t e r i s t i c s  o f  v a r i a n t s  and t h e i r  
u s e  a l l o w s  u s  t o  f o r m a l i z e  and s i m p l i f y  t h e  p r o c e s s  o f  pay-off m a t r i x  
a n a l y s i s .  I t  i s  a p p r o p r i a t e  t o  add t h e s e  c h a r a c t e r i s t i c  v a l u e s  
t o  t h e  r i g h t  s i d e  o f  t h e  c o r r e s p o n d i n g  l i n e s  o f  a  pay-off m a t r i x  
(see F i g .  4 ) .  
Added t o  them i s  a  maximum r i s k  v a l u e  which c a n  b e  found 
from t h e  pay-off  m a t r i x  (see below, pa rag raph  V I I I . 3 )  and which 
a l s o  c h a r a c t e r i z e s  t h e  s i t u a t i o n  t o  a  c e r t a i n  e x t e n t .  To d e t e r -  
x i n e  r i s k  v a l u e s  Ris t h e  minimal ( i . e .  i n  t h e  columns) v a l u e s  I 
en a r e  needed.  They a r e  shown i n  t h e  l o w e s t  l i n e  o f  t h e  t a b l e .  
A s  t h e  c a l c u l a t i o n s  f o r  t h e  pay-off m a t r i x  a r e  made o n l y  i n  
c a s e s  where u n c e r t a i n t y  i n  dec is ion-making  h a s  been c l e a r e d  up 
(see pa rag raph  VI .2)  and e n s u i n g  a n a l y s i s  o f  t h e  pay-off  m a t r i x  
s u r e l y  w i l l  b e  made, t h e  c h a r a c t e r i s t i c  v a l u e s  o f  t h e  e v a l u a t i n g  
f u n c t i o n  have t o  b e  de t e rmined  j u s t  a f t e r  ( o r  a t  t h e  same t i m e  a s )  
t h e  pay-off  m a t r i x  i t s e l f  i s  o b t a i n e d .  
V I I I .  ANALYSIS OF THE PAY-OFF MATRIX AVD CHOICE OF RATIONAL ACTIONS I 
V I I I . l .  The Gene ra l  Scheme o f  t h e  A n a l y s i s  
T h i s  a n a l y s i s  i n c l u d e s  s e v e r a l  s t a g e s .  Movement t o  a  
f o l l o w i n g  s t a g e  i s  n e c e s s a r y  o n l y  i f  a  p r e c e d i n g  s t a g e  d o e s  n o t  
o c c u r  s u c c e s s f u l l y  ( d o e s  n o t  i d e n t i f y  t h e  s i n g l e  o p t i m a l  v a r i a n t ) .  
The sequence  of  t h e  s t a g e s  i s  g i v e n  i n  F i g .  5 .  D e t a i l e d  e l u c i -  
d a t i o n  f o r  e a c h  s t a g e  w i l l  be c a r r i e d  o u t  below. 
Here it shou ld  be mentioned t h a t  a f t e r  t h i s  whole o p e r a t i o n  
( i f  u n c e r t a i n t y  o f  d e c i s i o n  remains )  t h e  l a s t  o p e r a t i o n  ( f i n a l  
c h o i c e  o f  a c t i o n  impleinented) f o l l o w s  and t h a t  l a s t  o p e r a t i o n s  
w i l l  n o t  be c o n s i d e r e d  i n  t h i s  paper .  
V I I I . 2 .  S e l e c t i o n  of Dominant V a r i a n t s  
A n a l y s i s  of  pay-off m a t r i x  b e g i n s  w i t h  t h e  s e a r c h  f o r  
dominant  v a r i a n t s .  Each of  t h e s e  i s  b e t t e r  t h a n  any o t h e r  domi- 
n a n t  v a r i a n t  under  a t  l e a s t  one  ( n o t  m a n d a t o r i l y  one  and t h e  
same) n a t u r e  s t a t e .  T h e r e f o r e  a l l  dominant v a r i a n t s  have t o  be  
c o n s i d e r e d  a s  p o t e n t i a l  c a n d i d a t e s  f o r  r a t i o n a l  v a r i a n t s  and f o r  
implementa t ion .  
I t  i s  e a s i e r  t o  s e l e c t  t h e  set  of dominant v a r i a n t s  by an 
i d e n t i f i c a t i o n  of non-dominant o n e s ,  which a r e  worse t h a n  some 
dominant v a r i a n t s  under  a l l  n a t u r e  s t a t e s  c o n s i d e r e d .  The 
f o l l o w i n g  i n e q u a l i t y  t a k e s  p l a c e  f o r  non-dominant v a r i a n t  j 
( w h i l e  it i s  b e i n q  compared by p a i r s  w i t h  dominant v a r i a n t  i ) :  
f o r  a l l  
and w i t h  a t  l e a s t  one s t h e r e  i s  s t r i c t  i n e q u a l i t y .  Obviously 
such  v a r i a n t s  a r e  bad and c a n  be excluded o u t  of  t h e  f o l l o w i n g  
c o n s i d e r a t i o n .  
A f t e r  removing non-dominant v a r i a n t s  t h e  set  of  dominant 
v a r i a n t s  remains ;  w e  c o n t i n u e  t o  d e n o t e  t h e  t o t a l  number by I .  
The " l o c a l l y "  o p t i m a l  v a r i a n t s  sough t  d u r i n g  t h e  t h i r d  
o p e r a t i o n  ( s e e  p a r a g r a p h  V I . 1 )  of c o u r s e  would be conse rved  i n  
t h i s  s e t  s i n c e  t h e y  a r e  b e t t e r  t h a n  a l l  t h e  remaining o n e s  under  
c o r r e s p o n d i n g  n a t u r e  s t a t e s .  But t h e r e  a l s o  might  occur  some of 
t h e  v a r i a n t s  s i n g l e d  o u t  by i n t u i t i o n .  And t h i s  would be  good. 
Now o n l y  dominant  v a r i a n t s  a r e  i n c l u d e d  i n  t h e  pay-off m a t r i x  which 
a r e  b e i n g  passed  t o  t h e  n e x t  s t a g e  of  a n a l y s i s .  
From f o u r t h  
o p e r a t  i o n  
I 
a n a l y s i s  of pay-off 
m a t r i x  w i t h  t h e  c r i -  i f  a l l  c r i t e r i a  p o i n t  
l t e r i a  of  d e c i s i o n  t o  one and t h e  same 
t h e o r y  v a r i a n t  
b' 
i d e n t i f i c a t i o n  of 
p o s s i b l e  d i s t r i b u t i o n  
f u n c t i o n s  F q ( y ) ,  
c a l c u l a t i o n  of  m a t r i x  I ~ M ~  1 ,  s e l e c t i o n  of 
v a r y a n t s  op t ima l  oy 
mathemat ica l  expecta-  1 t i o n  of e x p e n d i t u r e s  
s e l e c t i o n  o f  
dominant v a r i a n t s  
i f  one and t h e  same 
non-dominant 
v a r i a n t s  P away 
v a r i a n t  i s  op t ima l  f o r  
-tribut i o n  
f u n c t i o n s  
I f i n a l  c h o i c e  by I - - - - - - - - . . - . - - . - - - -  J 
I decision-maker 4 
sis  of m a t r i x  
w i t h  t h e  c r i t e r i a  i f  a l l  c r i t e r i a  p o i n t  
of 8 e c i s i o n  t h e o r y  t o  one and t h e  same 
v a r i a n t  
F ig .  5. The Genera l  Scheme o f  t h e  Ana lys i s  and Choice of  
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V I I I . 3 .  U s e  o f  D e c i s i o n  Theory C r i t e r i a  f o r  A n a l y s i s  
o f  t h e  Pay-Off I i la t r ix  
- -  
A s  was a l r e a d y  s a i d ,  t h e  s p e c i a l  c r i t e r i a  p roposed  f o r  
u n c e r t a i n  c o n d i t i o n s  121 h a v e  t o  b e  used  f o r  t h e  c h o i c e  o f  
r a t i o n a l  v a r i a n t s  ( a c t i o n s ,  d e c i s i o n s ) .  The m a j o r i t y  o f  s u c h  
c r i t e r i a  u s e  t h e  c h a r a c t e r i s t i c  v a l u e s  o f  t h e  pay-of f  m a t r i x  
d e s c r i b e d  above  (see F i g .  4 ) .  The most  i n t e r e s t i n g  c r i t e r i a ,  
it s e e m s ,  a r e  t h e  f o l l o w i n g :  
a )  ~ a p l a c e ' s  c r i t e r i o n  (minimum o f  a r i t h m e t i c  a v e r a g e  o f  
e x p e n d i t u r e s )  which  u s e s  t h e  e s t i m a t i o n  ? .  (1-VII) . I t  recommends 
1 
0 
c h o i c e  o f  t h e  v a r i a n t  xL which  g i v e s  t h e  minimum Ei :  
- 1 
min Ei = min - 0 C Eis -X 
i i s s=l  L  
T h i s  c r i t e r i o n  o r i g i n a t e d  from t h e  p r i n c i p l e  o f  " i n s u f f i -  
c i e n t  reasonw--we have  no s p e c i a l  r e a s o n  t o  d i s t i n g u i s h  o r  p r e f e r  
a n y  one  n a t u r e  s t a t e  when compared w i t h  o t h e r s  and assume t h a t  
t h e y  a r e  a l l  e q u a l l y  p r o b a b l e .  But t h i s  o f  c o u r s e  d o e s  n o t  
u s u a l l y  c o r r e s p o n d  t o  r e a l i t y .  
b  IJald ' s c r i t e r i o n  ( o f  minimax e x p e n d i t u r e s )  , which  shows 
0 t h e  v a r i a n t s  x  w i t h  t h e  minimum o f  maximal e x p e n d i t u r e s  E max \d i 
( 2 - V I I I )  : 
min ~y~~ = min n a x  E~~ 0 -----+ X 
i i s w -  
C )  Ilurwicz ' s  c r i t e r i o n  ( o f  pessimism-op-t imism) , which  m i n i m i z e s  
a  l i n e a r  c o m b i n a t i o n  o f  maximal E max min (3 -VI I )  and min imal  E .  i 1 
e x p e n d i t u r e s :  
max min ]  
min [ 9 E i  + ( 1 - a )  E ,  
where  a i s  a n  i n d i c a t o r  o f  "pessi .mism-optimism" (05 a 5 1 ) .  
The v a l u e  o f  i n d i c a t o r  a i s  c h o s e n  by t h e  i n v e s t i g a t o r  h i m s e l f  
d e p e n d i n g  on which  e s t i m a t i o n  (maximal o r  min ima l )  he  p r e f e r s .  
T h i s  t h e r e f o r e  i s  a  v e r y  s u b j e c t i v e  c r i t e r i o n .  
d )  S a v a g e ' s  c r i t e r i o n  ( o f  minimax r i s k )  i s  a n a l o g o u s  t o  W a l d ' s  
c r i t e r i o n  b u t  u s e s  r i s k  v a l u e s :  
max o 
min R = min max R x i i i s  i s S  
Ri sk  Ris i s  a n  o v e r e x p e n d i t u r e  which would t a k e  p l a c e  u n d e r  n a t u r e  
s ta te  ys i f  t h e  v a r i a n t  x  w e r e  c h o s e n  i n s t e a d  o f  a v a r i a n t  which  i 
i s  " l o c a l l y "  o p t i m a l  u n d e r  t h e s e  c o n d i t i o n s  ys.  Such r i s k s  g i v e  
a c e r t a i n  c h a r a c t e r i s t i c  o f  a s i t u a t i o n - - t h e y  show t h e  r e l a t i v e  
d i f f e r e n c e  o f  e x p e n d i t u r e s  l i n k e d  t o  t h e  c h o i c e  o f  o n e  v a r i a n t  
i n s t e a d  o f  a n o t h e r .  I n  f a c t  t h e y  c h a r a c t e r i z e  ( t h o u g h  i n  a non- 
s i n g l e  manner)  t h e  v a l u e  o f  t h e  damage ( r i s k )  c o n d i t i o n e d  by un- 
c e r t a i n t y  o f  a s i t u a t i o n  ( i n p u t  d a t a ) .  
T o  d e t e r m i n e  r i s k s  R one  h a s  t o  f i n d  t h e  minimum o f  ex- i s  
p e n d i t u r e s  f o r  e a c h  s e l e c t e d  c o n d i t i o n  y  ( f o r  e a c h  column o f  t h e  
minS pay-off  m a t r i x ) .  A p a r t  f rom v a l u e s  Ei (3-VII )  , t h e  minimum o f  
e x p e n d i t u r e s  i s  h e r e  s o u g h t  f o r  i n  a  column ( n o t  i n  a  l i n e ) :  
These  v a l u e s  r e p r e s e n t  t h o s e  min imal  e x p e n d i t u r e s  t h a t  w e  s h o u l d  
have  i f  w e  w e r e  t o  know b e f o r e h a n d  what  n a t u r e  s t a t e  w i l l  o c c u r  i n  
t h e  f u t u r e  and  c h o s e  t h e  v a r i a n t  o p t i m a l  f o r  t h e s e  c o n d i t i o n s .  
Now t h e  v a l u e  o f  r i s k  R f o r  some v a r i a n t  x  and  c o n d i t i o n s  i s  i 
i s  d e t e r m i n e d  a s  t h e  d i f f e r e n c e :  y  s 
I 
- min 
Ris - Eis -, Es I 
where  Eis i s  t a k e n  from a  c o r r e s p o n d i n g  s q u a r e  o f  t h e  pay-of f  m a t r i  
A l l  IxS  v a l u e s  RiS g i v e  u s  t h e  r i s k  m a t r i x  I I R ~ , ~ ~  which i s  
a n a l o g o u s  t o  t h e  m a t r i x  E . T h e r e  w i l l  b e  a t  l e a s t  o n e  
z e r o  e l e m e n t  i n  e a c h  column o f  t h e  m a t r i x  I ( R .  1 1  ( f o r  t h e  v a r i a n t  1s 
which  i s  o p t i m a l  u n d e r  c o n d i t i o n s  y , ) .  
V a l u e s  o f  r i s k s  d o  n o t  g i v e  a  s i n g l e  e s t i m a t i o n  o f  o v e r -  
e x p e n d i t u r e s ;  n o r  d i d  a b s o l u t e  v a l u e s  of  e x p e n d i t u r e s  E i s  . 
F o r  e a c h  v a r i a n t  x i  v a l u e s  o f  r i s k s  may v a r y  f rom z e r o  t o  a  
max' 
maximum v a l u e  Ri d e t e r m i n e d  a s  
max = 
max Ris (i=l, . . . ,  I )  Ri 
S 
These v a l u e s  g i v e  one more c h a r a c t e r i s t i c  e s t i m a t i o n  of  each 
v a r i a n t  compared. The re fo r e  t h e y  have t o  be added t o  t h e  
c h a r a c t e r i s t i c  v a l u e s  o f  t h e  pay-off m a t r i x  o b t a i n e d  e a r l i e r  ( s e e  
F ig .  4 )  and t h e y  a r e  used i n  one of  t h e  d e c i s i o n  c r i t e r i a  
(Sav a g e ' s  c r i t e r i o n ) .  I t  may be noted  h e r e  t h a t  an  a r i t h m e t i c  
a v e r ag e  o f  r i s k  ( R i )  a l s o  i s  a  c e r t a i n  c h a r a c t e r i s t i c  e s t i m a t i o n .  
But w h i l e  t h e  competing v a r i a n t s  xi w i l l  be compared, t h e  u s e  
o f  v a l u e s  gi w i l l  g i v e  t h e  same r e s u l t  a s  v a l u e s  E i ( l - V I I )  , 
t h a t  a r e  used by L a p l a c e ' s  c r i t e r i o n ,  w i l l .  
A l l  t h e  above c r i t e r i a  (2-VIII+5-VIII)  have t h e i r  own 
advan tages  and d i s a d v a n t a g e s  cons ide r ed  i n  d e t a i l  i n  [ 2 ] .  None 
of  them can  be admi t t ed  a s  be ing t h e  b e s t ,  bu t  t h e y  a l l o w  u s  t o  
s e l e c t  r a t i o n a l  v a r i a n t s ,  each  o f  which i s  good i n  t h i s  o r  t h a t  
r e s p e c t .  These v a r i a n t s  obv ious ly  r e q u i r e  a t t e n t i v e  c o n s i d e r a t i o n  
wh i l e  t h e  f i n a l  c h o i c e  i s  be ing  made o f  t h e  v a r i a n t  t o  be imple- 
mented. 
I t  is  q u i t e  p o s s i b l e  t h a t  t h e r e  might  e x i s t  c e r t a i n  v a r i a n t s  
which a r e  n o t  o p t i m a l  by any of  t h e  d e s c r i b e d  c r i t e r i a  b u t  a r e  
good i f  w e  c o n s i d e r  a l l  o f  them a t  once.  Such v a r i a n t s  can  be  
found w i t h  t h e  a i d  o f  c e r t a i n  g e n e r a l i z e d  c r i t e r i a .  Such a  
c r i t e r i o n  ( K )  can  be compiled [ g ]  by t h e  u s e  of c h a r a c t e r i s t i c  
v a l u e s  of  t h e  pay-of f  m a t r i x  ( t o g e t h e r  w i t h  v a l u e  R Y x )  : 
- max min 
min Ki  = min [ a  E + a2Ei + a 4 R Y X ]  -x 0 1 i + a3Ei i i K 
Depending on t h e  v a l u e s  of  c o e f f i c i e n t s  a  a ccep t ed  by t h e  
i n v e s t i g a t o r  one may p a s s  from t h i s  c r i t e r i o n  t o  each  of t h e  
f o u r  p reced ing  ones  o r  g e t  t h i s  o r  t h a t  combinat ion  of  them. 
Of c o u r s e ,  t h i s  c r i t e r i o n  h a s  a l l  t h e  d i s advan t ages  o f  p r ev ious  
o n e s  and does  n o t  remove u n c e r t a i n t y  i n  decision-making (pe rhaps ,  
c o n v e r s e l y ,  it m u l t i p l i e s  t h e  number of  r a t i o n a l  v a r i a n t s ) .  But 
it d o e s  a l l o w  one t o  s e a r c h  f o r  v a r i a n t s  i n t e r e s t i n g  from t h e  
v iewpoin t  o f  t h e  t o t a l i t y  o f  t h e  p reced ing  c r i t e r i a .  
And such v a r i a n t s  a l s o  have t o  be cons ide r ed  wh i l e  t h e  f i n a l  
d e c i s i o n  i s  made. 
I f  a l l  d e s c r i b e d  c r i t e r i a  p o i n t  t o  one and t h e  same 
v a r i a n t  a  g i v e n  problem might  be  c o n s i d e r e d  s o l v e d  ( s e e  F i g .  5 ) .  
J u s t  t h i s  v a r i a n t  may be  recommended f o r  implementa t ion .  Such 
c a s e s  a r e  r a r e  b u t  happen sometimes. But i n  g e n e r a l  t h e r e  w i l l  
be s e v e r a l  ( s a y  J) r a t i o n a l  v a r i a n t s  (recommendations of  d i f f e r e n t  
c r i t e r i a  d o  n o t  c o i n c i d e  comple te ly )  and one h a s  t o  p a s s  t o  t h e  
n e x t  s t a g e  of t h e  a n a l y s i s  ( s e e  ~ i g . 6 ) .  
V I I I . 4 .  Account ins  P o s s i b l e  P r o b a b i l i t i e s  of D i f f e r e n t  
F u t u r e  c o n d i t i o n s  
I t  i s  v e r y  i m p o r t a n t  t o  u t i l i z e  a v a i l a b l e  i n f o r m a t i o n  
a b o u t  p r o b a b i l i t i e s  of d i f f e r e n t  i n p u t  d a t a  v a l u e s .  Very o f t e n  
t h i s  a l l o w s  l i q u i d a t i n g  t h e  u n c e r t a i n t y  i n  decis ion-making.  
Such i n f o r m a t i o n  c o n c e r n s  s t o c h a s t i c  - . d e f i n i t e  and p a r t l y  
u n c e r t a i n  i n p u t  d a t a .  
A t  t h i s  s t a g e  one a t t e m p t s  t o  i d e n t i f y  p o s s i b l e  p r o b a b i l i t i e s  
of  t h e  appearance  of d i f f e r e n t  n a t u r e  s t a t e s  c o n s i d e r e d  u s i n g  
t h e  p r o b a b i l i s t i c  c h a r a c t e r i s t i c s  of  i n d i v i d u a l  i n p u t  i n d i c a t o r s ,  
and t h e n  t o  d e t e r m i n e  a  mathemat ica l  e x p e c t a t i o n  f o r  e a c h  r a t i o n a l  
v a r i a n t .  
S i n c e  w e  assume t h a t  v e c t o r  y  i n c l u d e s  a l l  k i n d s  of non- 
d e t e r m i n i s t i c  i n p u t  d a t a ,  t h e r e  e x i s t  i n d i c a t o r s  w i t h  d i s t r i b u t i o n  
f u n c t i o n s  t h a t  a r e  n o t  known e x a c t l y  o r  a r e  n o t  known a t  a l l .  ! 
T h e r e f o r e  it i s  comple te ly  i m p o s s i b l e  t o  o b t a i n  a  s i n g l e  d i s t r i -  i 
b u t i o n  of p r o b a b i l i t i e s  f o r  s e l e c t e d  n a t u r e  s t a t e s  ys.  But one 
c a n  i d e n t i f y  s e v e r a l  ( Q )  subjective d i s t r i b u t i o n  f u n c t i o n s  (series) : 
Fq(y)  q = l ,  - a *  , Q ,  (10-VIII)  
which g i v e  p r o b a b i l i t i e s  P f o r  i n d i v i d u a l  n a t u r e  s t a t e s  y  
s q  S'  I 
where 
E x p e r t s '  e s t i m a t i o n s  based on e x p e r i e n c e  and i n t u i t i o n  i n e v i t a b l y  
have t o  be used when such combina t ions  F  ( y )  a r e  s p e c i f i e d .  Of c o u r  9  
t h e r e  i s  n o t  a  s i n g l e  way f o r  such  a s s e s s m e n t s  [ 3 , 1 4 ] .  But even,  suc  
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c h a r a c t e r i s t i c s  i n s t e a d  o f  one  p e r m i t s  u s  t o  s t u d y  more f u l l y  a  
f i e l d  o f  p o s s i b l e  p r o b a b i l i t i e s  f o r  d i f f e r e n t  n a t u r e  s t a t e s  and  
g u a r a n t e e s  a g a i n s t  g r o s s  e r r o r s  and a r b i t r a r i n e s s .  
Now f o r  e a c h  d i s t r i b u t i o n  row F ( y )  w e  c a n  d e t e r m i n e  mathe- 
q 
m a t i c a l  e x p e c t a t i o n s  o f  e x p e n d i t u r e s  l i n k e d  t o  a  c h o i c e  o f  
v a r i o u s  r a t i o n a l  v a r i a n t s  x  i ' 
where E a r e  o b t a i n e d  from t h e  p a y - o f f  m a t r i x .  i s  
For  a l l  v a r i a n t s  xi (i=1, ..., J )  and a l l  rows F ( y )  w e  j u s t  
q  
o b t a i n  m a t r i x  I 1~h . l  1 )  ( o f  m a t h e m a t i c a l  e x p e c t a t i o n s  o f  e x p e n d i t u r e s ) .  i q  
The l i n e s  o f  t h i s  m a t r i x  c o r r e s p o n d  t o  t h e  r a t i o n a l  a c t i o n s  
( j u s t  as i n  t h e  pay-of f  m a t r i x ,  b u t  t h e  number o f  l i n e s  would be  
less--J < I ) .  The column i n  t h i s  c a s e  r e p r e s e n t s  n o t  i n d i v i d u a l  
n a t u r e  s t a t e s  b u t  t h e  whole set  w i t h  f i x e d  c o m b i n a t i o n  o f  t h e i r  
p r o b a b i l i t i e s  ("mixed s t r a t e g i e s "  o f  n a t u r e ) .  The v a l u e s  M. 1q  
i n  i n d i v i d u a l  columns c a n  b e  compared w i t h  e a c h  o t h e r  and  t h i s  
0 
w i l l  i d e n t i f y  t h e  v a r i a n t  x  which g i v e s  t h e  minimum f o r  t h e  
m a t h e m a t i c a l  e x p e c t a t i o n s  o f  e x p e n d i t u r e  f o r  t h i s  d i s t r i b u t i o n  
series F  ( y )  : 
'I 
0 
min M -x . 
i i q  
I f  w i t h  a l l  F  (q=1,  . . . , Q  ) t h e r e  is  o b t a i n e d  o n e  and t h e  same 
q  
o p t i m a l  v a r i a n t  t h e n  a problem i s  s o l v e d  (see F i g .  5 ) - - t h e  c o n s i -  
d e r a t i o n  o f  t h e  i n f o r m a t i o n  a b o u t  p o s s i b l e  ( p r o b a b l e )  d i s t r i b u -  
t i o n  l aws  h a s  e l i m i n a t e d  t h e  u n c e r t a i n t y  of  t h e  f i n a l  c h o i c e .  I n  
o p p o s i t e  c a s e s  it would s t i l l  be  n e c e s s a r y  t o  c o n t i n u e  t h e  ana -  
l y s i s ,  b u t  as a  r u l e  w i t h  a  s m a l l e r  "zone  o f  u n c e r t a i n t y "  (a  s m a l l e r  
number J1 o f  r a t i o n a l  v a r i a n t s  which r e m a i n e d ) .  
V I I I .  5.  A n a l y s i s  o f  & l a t h e m a t i c a l  E x p e c t a t i o n s  M a t r i x  1 1  b1. ( 1  
l q  
The m a t r i x  I I f i l .  1 )  w i t h  t h e  r e m a i n i n g  r a t i o n a l  v a r i a n t s  xi  
l'I 
(i=l, ..., J1) h a s  t o  b e  a n a l y z e d  w i t h  t h e  same d e c i s i o n  c r i t e r i a  
as w e r e  u s e d  e a r l i e r  f o r  t he  pal7-off mtrix / I  E ) I  . To d o  t h i s  t h e  i s  
v a l u e s  Eis i n  f o r m u l a s  ( 2 - V I I I )  + (7 -VI I I )  a r e  changed i n  M and 
i q  
index  2 i n  q  (now u n c e r t a i n t y  i s  c o n s i d e r e d  w i t h  r e g a r d  n o t  t o  
i n d i v i d u a l  n a t u r e  s t a t e s  ys b u t  t o  t h e  d i s t r i b u t i o n  rows F ) .  
Also a  s p e c i a l  index  h a s  t o  be  used ( s a y  M) f o r  d i s t i n g u i s h i n g  
r i s k s  %liq o t a i n e d  w i t h  m a t r i x  J I M  ) I  from r i s k s  R i s e  The whole i q  
scheme of  m a t r i x  J I M .  I a n a l y s i s  i s  s i m i l a r  t o  t h a t  of m a t r i x  I / ~ ~ ~ l l  l c l  
(see F i g .  6 ) .  
One r e s u l t  of  t h i s  a n a l y s i s  might  p o s s i b l y  be  t h e  c o i n c i -  
d e n t a l  recommendations of d i f f e r e n t  c r i t e r i a .  Then a  problem i s  
s o l v e d  ( s e e  F i g .  5 ) .  I f  t h i s  h a s  n o t  happened t h e n  one may t r y  
t o  make t h e  most d e t a i l e d  a n a l y s i s  of remaining r a t i o n a l  v a r i a n t s  
i n  t h e  l i g h t  of  m a t r i x  I ( M .  ) I  . I n  p a r t i c u l a r  it might  be u s e f u l  
1q  
t o  e s t i m a t e  " o v e r e x p e n d i t u r e s "  f o r  c h a r a c t e r i s t i c  v a l u e s  used by 
d i f f e r e n t  c r i t e r i a  which t a k e  p l a c e  w i t h  t h i s  o r  t h a t  r a t i o n a l  
v a r i a n t  (comparing w i t h  t h e  v a r i a n t s  which a r e  o p t i m a l  by 
c o r r e s p o n d i n g  c r i t e r i a )  [ g l .  L e t  u s  d e n o t e  some a p p l i c a b l e  
c r i t e r i o n  w i t h  index  " c "  and t h e  t o t a l  number of c r i t e r i a  w i t h  
"C" 1 , . . . , C ) .  Then t h e  minimal v a l u e  of  t h e  mathemat ica l  
e x p e c t a t i o n  of e x p e n d i t u r e s  a c c o r d i n g  t o  t h e  c r i t e r i o n  c  w i l l  bz 
- 
where M = Mi f o r  L a p l a c e ' s  c r i t e r i o n ,  i c  Mic = flax f o r  Wald' s 1 
- max c r i t e r i o n ,  M i c  - R ~ i  f o r  S a v a g e ' s  c r i t e r i o n ,  e t e .  I f  some 
v a r i a n t  i s  n o t  o p t i m a l  by t h e  c r i t e r i o n  c ,  t h e n  it w i l l  
have some " o v e r e x p e n d i t u r e s "  O i c  i n  v a l u e  Elic compared w i t h  t h e  
v a r i a n t  which i s  o p t i m a l  by t h i s  c r i t e r i o n  ( a s  it i s  w i t h  r i s k  R ) :  
Determining t h e s e  " o v e r e x p e n d i t u r e s "  f o r  a l l  remaining r a t i o n a l  
v a r i a n t s  and f o r  a l l  c r i t e r i a  a p p l i e d  we s h a l l  o b t a i n  t h e  
m a t r i x  l l ~ ~ ~ l /  which i s  s i m i l a r  t o  r i s k s  m a t r i x  I R i S l (  o r  ( IRMiql l  b u t  
e x p r e s s e s  o u r  p o s s i b l e  l o s s e s  from t h e  v iewpoin t  of d i f f e r e n t  
c r i t e r i a .  T h i s  m a t r i x  c h a r a c t e r i z e s  t h e  r e l a t i v e  e f f e c t i v e n e s s  
of  v a r i o u s  r a t i o n a l  v a r i a n t s  i n  t h e  measures  used by d i f f e r e n t  
c r i t e r i a .  Again w e  have a  non-s ing le  e s t i m a t i o n  h e r e  due t o  
t h e  u n c e r t a i n t y  o f  a  s i t u a t i o n  and t h e  p o s s i b i l i t y  o f  t h e  
comparison o f  v a r i a n t s  o n l y  i n  p a r t i a l  ( i n d i v i d u a l )  a s p e c t s .  
While w e  have t h e  m a t r i x  lloicl) , w e  can  u s e  a t  l e a s t  two 
s e n s i t i v e  p r i n c i p l e s  which p e r m i t  a n  a d d i t i o n a l  comparison o f  
v a r i a n t s ,  namely, t h e  p r i n c i p l e  of  " i n s u f f i c i e n t  r e a s o n " :  
- 1 " 0 
min Oi = min - c Oic ) xir ' i i c = l  
and t h e  minimax p r i n c i p l e :  
max o 
min Oi = min max Oic 
*Xmm i i c  
.It is i n  principle p s s i b l e . a l s o  t o  weigh ( sd jec t ive ly  of course) the re la t ive  
s i g n i f i c a n c e  o f  v a r i o u s  c r i t e r i a  and t o  compi le  some g e n e r a l i z e d  
c r i t e r i o n  s i m i l a r  t o  c r i t e r i o n  ( 9 - V I I I ) .  But t h i s  h a s  a  s e n s e  o n l y  
i f  none o f  t h e  w e i g h t s  i s  e q u a l  t o  z e r o .  By t h e  way, t h e  p r i n -  
c i p l e  of  " i n s u f f i c i e n t  r e a s o n "  (15-VIII )  assumes e q u a l  w e i g h t s  
f o r  a l l  c r i t e r i a .  
I t  shou ld  be u n d e r l i n e d  h e r e  t h a t  such a  p rocedure  c a n n o t  and 
must n o t  have t h e  aim of  de te rmin ing  t h e  s i n g l e  o p t i m a l  v a r i a n t  
( t h e o r e t i c a l l y  it i s  p o s s i b l e  t o  r e p e a t  such a  p r o c e d u r e  s e v e r a l  
max o b t a i n i n g  " o v e r o v e r e x p e n d i t u r e " ,  t imes-- to  t h e  v a l u e s  ci and Oi 
e t c . - - t i l l  a  s i n g l e  o p t i m a l  v a r i a n t  i s  a c h i e v e d ) .  T h i s  p rocedure  
i s  o n l y  i n t e n d e d  f o r  more comprehensive a n a l y s i s  and f o r  more sub- I 
s t a n t i v e  recommendations concern ing  t h e  compos i t ion  of  r a t i o n a l  
v a r i a n t s  t o  be p r e s e n t e d  t o  a  d e c i s i o n  maker.  The l a t t e r  i s  v e r y  
impor tant - -not  t o  m i s s  a  v a r i a n t  which might  i n  f a c t  b e  a  good one.  1 
An example o f  t h e  p rocedure  f o r  d e t e r m i n i n g  t h e  m a t r i x  Iloicl) 
max 
and o f  v a l u e s  6i and Oi i s  shown i n  F i g .  7 .  Three  c r i t e r i a  
(Lap lace ,  Wald and Savage) a r e  a p p l i e d  h e r e .  F i v e  v a r i a n t s  x i  
remained a f t e r  a n a l y s i s  of  t h e  pay-off m a t r i x  1 I ~ ~ ~ l l  and f o u r  d i s t r i -  
b u t i o n  rows F  w e r e  c o n s i d e r e d  when m a t r i x  J I M .  ( (was  c a l c u l a t e d .  q  l q  
Two v a r i a n t s  ( x ,  and x  ) proved t o  be o p t i m a l  by mathemat ica l  ex- 3 
p e c t a t i o n s  o f  e x p e n d i t u r e s .  ( T h e i r  v a l u e s  a r e  i n d i c a t e d  by s q u a r e s  











